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Introduction

Mean field theory plays an essential role in the study of many-particle systems. This
is because it reduces the dynamic of a many-body system to that of independent
particles moving in a self-consistent potential. This is the case of the nuclear many-
body system, the nucleus. In fact, in first approximation, one can depict a nucleus
as a system of non-interacting nucleons moving in a potential well, the mean field,
which is generated by averaging over all interactions.

The Hartree-Fock approximation to the average field is the sum of two terms, a
local term (Hartree) and a non-local part (Fock). The Hartree potential represents
the average interaction felt by a nucleon due to all other nucleons and it is called
direct term. The Fock potential is called exchange contribution and it arises from the
fact that the nucleons are fermions and they satisfy Pauli principle, that is their wave-
function are antisymmetric respect to an exchange in coordinates. This non-locality
introduces in the single-particle potential a dependence on the linear momentum of
the nucleon. This momentum-dependence of the average potential can be, for many
purpose, accounted for an effective mass, the so called k-mass which is considerably
smaller than the nucleon bare mass m(my = 0.6m — 0.7m). The Hartree-Fock ap-
proximation to the average single-particle field describes quite well the properties of
the scattering states and of the deeply bound single particle states, but fails to yield
the density of single-particle levels near the Fermi energy. Indeed, the latter can be
reproduced with a purely local field with an effective mass equal to the bare mass.
The fact that the density of levels is intimately related with the properties of the
effective mass can be understood by a simple inspection of the expression of the level

density in the Fermi gas model



o(E) = ﬁexp 2VaE. (1)

The level density parameter a is proportional to the nucleon effective mass. Con-
sequently, an increase in the effective mass leads to an increase in the level density
and viceversa. From the above discussion we can argue that we have to face of the
following problem of the enhancement of the effective mass: why do we need to use a
big effective mass m* ~ m around the Fermi energy and a small mass far from that
region?

This limitation of the Hartree-Fock approximation in describing the nucleon levels
close to the Fermi energy can be explained by the fact that this is a static approxima-
tion where one neglects important correlations between nucleons. In particular,the
fluctuations of the mean field surface can renormalize the motion of the single particle
in an important way. The RPA approximation provides an accurate description of
these collective nuclear vibrations and of the corresponding particle-vibration cou-
pling strengths.

The particle-vibration coupling leads, among other things, to an energy depen-
dence of the average nuclear field, because the phonon describing the surface modes
propagate in the nuclear medium with a finite velocity. Also, here, this nonlocality
can be accounted for in terms of an effective mass, the so called w-mass which is
considerably larger than the bare mass. In fact, the effect of the energy dependence
appears to approximately cancel that of the non-locality near the Fermi surface , and

it becomes negligible for single-particle levels far from Fermi energy. Because the

mEmey

total effective mass entering the single-particle Schrodinger equation is m* = =&

and m* &~ m around the Fermi energy, time dependent mean field theory can account
for the observed density of levels.

However, there are basic differences between the results of the empirical inde-
pendent particle model (bare nucleon mass and Woods-Saxon potential), and the
Hartree-Fock results renormalized by the particle-vibration coupling and associated
with the effective mass. While the single-particle levels of the empirical model do not

depend on the intrinsic excitation energy of the nucleus (temperature 7), the w-mass



and thus m* is expected to depend on 7.
In fact, in the case of spherical nuclei, the dependence of the w-mass on temper-

ature can be parametrized as [14]

T T

my(T) =my(0)e ™ +m(l —e ™), (2)

with Ty &~ 2 MeV. This means that, already at Ta 2 MeV, the increase of the w-mass
over the bare mass value, is reduced by a factor of 1/e.

The extension of the calculations which have led to the above results, to the case
of deformed strongly rotating nuclei is essential to be able to extract spectroscopic
information from particle and gamma decay processes associated with the cooling of
the compound nucleus. In fact, at finite temperature one has to deal with an ensemble
of nuclei, most of which have a deformed shape, even if spherical in the ground state.
An accurate knowledge of the effective nucleon mass in this situation is essential
to be able to extract spectroscopic information from the study of the compound
nucleus cooling process, and to be able to understand how rotational frequency and
temperature affects the nuclear structure.

In the present thesis, we have developed, by making use of the Matsubara formal-
ism and the Nuclear Field Theory formalism, the theoretical framework to calculate
the properties characterizing the motion of quasiparticle in hot, strongly rotating de-
formed nuclei (Chapters 1-2). Special attention has been paid to the renormalization
of the effective mass associated with the coupling of the single-particle motion to
quantal fluctuations of the nuclear surface (Chapters 3-4) .

Because of the violation of rotational and gauge symmetries associated with mean
field solutions which do not conserve neither angular momentum (Nilsson states) nor
particle number (BCS solutions), spurious states, the so called Nambu-Goldstone
modes (see Chapter 5), appear in the vibrational spectrum as solutions with zero
energy and have to be eliminated. The technical developmentd needed to do this in
actual calculations is discussed in Chapters(6-7).

Applications of the formalism to the case of nuclei close to the yrast line have been

carried out. In particular, we have studied the effect on the w-mass of the coupling



to -, v- and octupole vibrations of nucleons moving in single-particle levels close to
the Fermi energy as a function of rotation and deformation. We have also analyzed
the specific effect that the particle-vibration coupling produces on signature paired

states (Chapter 8). The conclusion are presented in Chapter (9).



Chapter 1

Hartree-Fock-Bogoliubov Equation
in a Rotating Frame

1.1 Introduction

The Hartree-Fock-Bogoliubov approximation (HFB)[2, 3, 4] is a self-consistent mean
field method in which nuclear deformations and pairing correlations are treated si-
multaneously and on equal footing.

The basic idea of the HFB method is to represent the ground state of a nucleus as
a vacuum of quasiparticles, which are defined as the excitations of the system. The
main goal is to find the so called Bogoliubov transformation [11] from bare particles
to quasiparticles, such that the Hamiltonian can be approximated by an indepen-
dent quasiparticle Hamiltonian neglecting, as a first approximation, the interactions
among quasiparticles. The starting point is the many-body Hamiltonian written as
the sum of a kinetic energy term and an effective nucleon-nucleon interaction that
can be expressed, in second quantization, in terms of the bare particle creation and
annihilation operators EZT, C;

H =Y (i|T)j)ele; + = . (ij|V|kl)elelaer. (1.1)

Y] 0,9,k

|

The final aim of the HFB is to write H as

H = Ey+ Hyy + Hypi, (1.2)



where FEj is the energy of the quasiparticle vacuum, f:f\qp describes the independent
quasiparticle motion, and qu,im represents the (weak) interaction among quasipar-
ticles. In the HFB this last term is neglected, so that H is approximated by an
independent quasiparticle Hamiltonian H ~ E, + f—I\qp. The interactions between
quasiparticles may be included by applying time-dependent HFB(TDHFB) or the
quasiparticle random phase approximation (QPRPA) (see Chapter 2).

When a deformed nucleus experiences a fast rotation, Coriolis and centrifugal
forces act on the individual nucleons in the rotating frame and an extra term —wrotjw
must be added to the intrinsic Hamiltonian for independent quasiparticle motion.
The quantity T, represents the spin projection on the axis of rotation z, while 2
corresponds to the symmetry axis. The Coriolis interaction violates time reversal
invariance.

Conservation of the particle number is approximately achieved by adding the term
AN with an appropriate choice of the chemical potential A, N being the particle num-
ber operator. As a consequence, the Hamiltonian describing a system of independent
quasiparticle moving in a mean field rotating with angular velocity w,.; about the

z-axis can be written as

H' = H — AN — wyorJy. (1.3)

The rotational frequency and the chemical potential are determined through the

conditions

<j$> =J+

1
57
(N) =N,

(1.4)
where J is the total angular momentum, where the condition on the average value of
the J, component of the angular momentum is equivalent to the WKB-approximation
of the centrifugal potential.

Axially symmetric deformed nuclei are invariant under space inversion P and
rotation R by an angle 7w around the z-axis perpendicular to the symmetry axis.

These are the only symmetries left in these nuclei and the resulting states can be



labelled by the eigenvalues of the two operators P and R, namely parity 7 = 4+ 1 and
signature o = + 1/2.

1.2 Signature Quantum Number

Reflexion symmetry implies that the system is invariant with respect to rotations by
7 about an axis perpendicular to the symmetry axis. This operation can be carried

out through the operator R,(7) defined as

~

Ry(m) = e~ie. (1.5)

The square of this operator is equivalent to a rotation of the system through the angle
27, and thus it should not influence the wave function of a system composed of an
even number of fermions. On the contrary, systems with an odd number of fermions
transform under ﬁi(w) like spinors, and consequently the corresponding total wave

function changes sign. One can thus write

Ri(m) = (=1)*, (1.6)

where A indicates the total number of fermions. Denoting by r the eigenvalues of

R, (r) and introducing the notation

r=e (1.7)
one finds for systems with an even number of nucleons (integer total spin 1)

r=41 («=0), 1=0,2,4---,

(1.8)
r=-1 (a=1), I=135-,
while for systems with odd particle number we have (half-integer total spin I)
r=-—-1 (O[:—i—%), 12%737% )
(1.9)

r=+i (a=-1), 1=3711...
The eigenvalues r associated with the rotation operator ﬁx(w) can be used to

classify the single-particle states. However, due to its additive nature, it is more

7



convenient define a as signature quantum number. In what follows we shall use

a = 0,1 for even nuclei and o = £1/2 for odd nuclei.

1.3 Quasiparticle Transformation in a Rotating Frame

Let us start with the mean field Hamiltonian in a rotating frame

f/-’I\’ Z?Ldef—A(ﬁT'f‘ﬁ) _A]/\?_wrotjm (110)

where /ﬁdef describes single-particle motions in a deformed potential and Pl is the pair
creation operator defined by Pt=% G 8; with ¢ labelling the single-particle states and
7 the state time reversed of 7. In the standard basis where m; is the projection of the
angular momentum j; on the symmetry axis z, the operator J, is not block diagonal
with respect to the quantum number m;. This property, coming from the breaking of
the time reversal invariance, can be avoided introducing an appropriate basis for the
diagonalization of the HFB equations. For this purpose, we restrict the members of
the standard basis to states that satisfy the condition m; > 0 so that the dimension of
the equations will be reduced by half. [16]. Moreover, the chosen basis is symmetrized
with respect to a rotation of 7 around the rotational axis x, namely we introduce the
signature « as good quantum number to label the quasiparticle states.

This new basis can be defined in terms of the original nucleon creation and anni-

hilation operators EL, Ck,as

( zl% ) - % ( 3—1)m+% 5_1)7”% ) ( Z ) : (1.11)

The notation £ indicates the time-reversal state to k while (K ,K) represents, as we will
see below (1.13), a signature pair. We can now introduce the appropriate Bogoliubov

transformation that diagonalizes the HFB Hamiltonian (1.10)

ay = i(UMiC/l\i—i_VMi@)
aﬂ = i(UMCE—l—VMd}), (1'12)

1



where U, V, U and V are real coefficients. The notation Y} is used to specify that we
are summing over the states of the new basis (1.11).

The quasiparticle operators (a,, ;) satisfy the property

e*iﬂj\z ( au ) eiﬁfz — 44 < Up ) (1.13)
aﬂ aﬂ

This implies that the quasiparticle state p has signature a = 1/2(r = —i), while f is
the state with signature a = —1/2(r = +1i).

Using the quasiparticle transformation (1.12), the Hamiltonian (1.10) can be
brought into the diagonal form

H=Ey+Y Eala,+Y Eaa,. (1.14)
M Iz

The quasiparticle energies £, and Ej are eigenvalues and the coefficients U, V, Uu,v

eigenvectors of the matrix

(=M —wis) A
M= ( A (e = M + weorda) ) (1.15)

that is

a(v)=m() wle)-nla) ow

1.4 Cranked Nilsson Model

=i

One of the most popular mean field potential for deformed nuclei is the Nilsson or
modified harmonic oscillator potential [27]. Tts generalization to the study of the
single-particle structure in a rotating frame is called Cranked Nilsson Model [19, 17].

The deformed Hamiltonian Bdef to be used in the HFB equation (1.10) can be

written as

A 2

~ 1

haet = {—QPM + EM (wﬁxZ + waQ + w§z2) + sl - s+ vy (12 — <l2)N)} . (1.17)
n=1

n



The frequencies w,,w, and w, are expressed in terms of the quadrupole deformation

parameters ¢ and -y, with signs chosen according to the Lund convention [17]

2 2y
w; =wole, ) [1— 3¢ cos (7—1— 7;%) ; je{r,y, 2} (1.18)
where v, = 1,v, = —1 and v, = 0. The calculations will be carried out in the

stretched coordinate system, ' = zy/Mw,/h, etc. [17]. The introduction of the
stretched coordinates has the advantage of transforming away coupling terms arising
from the I + s and I* factors between oscillator shell N and N + 2 [27].

It is important to take into account the N, dependence of the strength v, of
the 1% -terms in the Nilsson potential because the unperturbed strength distribution
of the quadrupole operator can deviate appreciably from 2hwy. We therefore adopt
the values of the parameter v; and v;; given by Bengston and Ragnarsson [10].

We use different values of the oscillator frequency wqy for neutrons and protons in

the Nilsson potential in order to ensure equal root-mean-square radii [9]

2N\ &
(—) wo for neutrons
wo — A/, (1.19)
27\ 3
<7> wo for protons,

where Awg = 41475 MeV.
The pairing gaps (A, A,) and the chemical potentials (A, \,), that appear in

(1.10), are calculated at each rotational frequency to satisfy the conditions

G7<wr0t|ﬁ7|wr0t> =A;
(wrot| N7 |wrot) = N(2)

(1.20)
with 7=(n,p). The quantities G, that is the monopole pairing strengths, together
with the deformation parameters (e, y) are fixed at wyo; = 0 to ensure the agreement of
the calculated pairing gap parameters with the experimental values. The deformation

parameters (¢, ) can be obtained following the prescription of the Strutinsky method

[31] or adopting experimentally deduced values (see [32]).
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Chapter 2

The RPA in a Rotating Frame

2.1 Introduction

The random phase approximation (RPA)[3, 4] is the simplest realistic microscopic
treatment of nuclear excitations. It was first suggested by Bohm and Pines [12]
in connection with the plasma oscillations of the electron gas. It has been applied
successfully to the microscopic description of small-amplitude oscillations about an
equilibrium in a number of systems, in particular the atomic nucleus. Away from
closed shells, pair correlations become very important so that the RPA method is
generalized to the quasiparticle random phase approximation (QPRPA) [30]. In this
work we use the term RPA for both methods without distinction.

The RPA has been used to describe a large number of low-lying collective states,
such as vibrations in spherical superconducting nuclei, and in deformed rare earth and
actined nuclei for the description of the (-,7-, octupole- and pairing-vibrations [28].
A basic feature of the RPA is that it takes into account ground state correlations,
that is,the fact that the true ground state is not simply the Hartree-Fock particle-hole
vacuum but, due to the residual interaction, it contains an admixture of particle-hole
excitation states. Excited states are now a linear combination of particle-hole states
generated by the operators ¢l & (m > ep and i < ep) as well as by the operators ¢, ¢,
which take particle-hole excitation out of the ground state. In presence of pairing
correlations one talks, in both cases, of creation or annihilation of two quasiparticle

excitations.

11



The theory of the cranked shell model extended by the RPA theory was first
developed by Marshalek [20] and has been applied to high-spin /- and - vibrational
bands [25] and to octupole bands [26]. Effects of the Coriolis force on the distinct
mode of excitations are automatically taken into account in RPA solutions since the

mean field is affected by the cranking term ot -

2.2 Residual Interaction

The residual interaction between the quasiparticles in the rotating frame consistent
with the single-particle Hamiltonian defined in (1.10) is composed of the monopole
pairing force associated with the pairing potential (the most important pairing corre-
lations are the one for I = 0 pairs) and a multipole-multipole interaction consistent
with the deformed field. Since the most important deformations are of a quadrupole
nature we will consider a quadrupole-quadrupole separable residual interaction. Both
part of the interaction are chosen to be separable.

We consider, first of all, the residual pairing interaction associated with the pairing

potential A(PT + P), that is

Ho=- Y G.PIP, P, =P —(P), (2.1)

T=n,p
where the index 7 is used to distinguish between proton and neutron pairing. The
expectation value is taken with respect to a quasiparticle configuration chosen as a
reference configuration and it is related to the pairing deformation A through the
self-consistency condition A, = GT(]BTJr ).

Since the residual interaction is an hermitian operator, it is more convenient to
redefine the pairing interaction in such a way that the hermiticity is recovered. For

this purpose one can define the following operators

T+ ﬁj+ﬁ77
(Pl — B,

T"m o
Il |

(2.2)
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that satisfy the condition ﬁji = P.. Moreover, they are signature positive

operators because

e*iﬂ':fz ﬁTiemfz _ +ﬁ7:|: (23)

For the multipole-multipole interaction associated with deformation the situation

is slightly more complicated. In fact, the multipole operators are defined as

A

Que = > (r"Yik)m, (2.4)

n=1
where the spherical harmonic functions Y i are defined with respect to the symmetry
axis z. We have now to remember that the K-quantum number, that is the projection
of the total angular momentum along the symmetry axis, is no longer a conserved
quantity at finite rotational frequency. As a consequence, it is more convenient to
deal with operators defined in terms of proper quantum numbers in a rotating frame,
namely the signature « (see Chapter 1). For this purpose, one can use the following

definition of the multipole operators

Z'L+a+K

2(1 + dko)

where K > 0 and « can assume the values 0 and 1. The multipole operators with

a = 0 are called signature positive operators while &« = 1 corresponds to signature

negative operators. This difference comes from the fact that

—indy Aya=0 ity ~a=0
e 1T g %K 6177 x — +Q%K
—indy Aa=1_irJ, o Aa=1
e "Ik e = —Qk -

(2.6)

The factor :/7+X is introduced to ensure hermiticity of the multipole operators, that
is Q¢ = Q9. Note that the K=0 quadrupole(octupole) operator Q,y(Qs,) has a
unique signature o« = 0(cv = 1), which corresponds to the fact that K=0 bands have

no signature partners.

13



All the operators are defined in doubly stretched coordinates, z! = (w;/wy)z;.
This can be considered as an improved version of the conventional multipole-multipole
interaction. Sakamoto and Kishimoto [29] have shown that the ordinary multipole-
multipole interaction is not able to reproduce the prominent features of the observed
data in deformed nuclei [18]. The main reason is traced back to the violation of
the nuclear self-consistent condition, namely, the shape of a potential and that of
a density must be the same even at the time when a nucleus undergoes collective
excitations. This means that a mean-field approximation of the two-body residual
interaction must not change the Hartree-Fock(HFB) field obtained, self-consistently,
from the deformed one-body Hamiltonian. For small amplitudes the variation in the

potential along the direction x is proportional to the amplitude -, that is

o)
oV = Vo = xVF (2.7)

which is a mean-field approximation of the residual interaction and where F'is the one-
body operator generating the collective mode. Imposing the self-consistency condition
the coupling constant may be derived as

=-ah) (28)

where < > is to be taken at the equilibrium deformation. One can show that, due to
the doubly stretched coordinates, (@) = 0 at the equilibrium deformation so that the
mean-field approximation for these operators fulfil the condition of leaving unchanged
the self-consistent Hartree-Fock field.

Since we adopt different oscillator frequency wqy for neutrons and protons (see

Chapter 1) in the Nilsson potential, we use the following modified multipole operators

2
27\ ~
N (—) ’ Q% x for neutrons
Qg — 214}1\/' 2 (2.9)
<7> Q7 k for protons

This was originally proposed by Baranger and Kumar [9] for quadrupole operators

starting from the hypothesis that the average square radii for neutron and proton are
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equal. The multiplying factors in front of the quadrupole operators tell us that the
ratio between neutrons to protons remains the same everywhere in the nucleus (in an
average sense). This is because one assumes that the deformation felt by the neutrons
and protons is the same. Sakamoto [29] has generalized it for an arbitrary multipole
operator and proved that by means of this scaling the translational symmetry is
restored in the limit of the harmonic oscillator potential.

The residual interaction can then be written as

Hy, = —%;;x; {R;;}Z, (2.10)
where }A%f; are one-body Hermitian operators, and xj the corresponding coupling
strengths. The indeces «v and p represent, respectively, the signature quantum num-
ber and the different residual interactions. As explained above we adopt the following
operators

ﬁg = ﬁm— ﬁn— ﬁ)p-i— by ng le @327 (2-11)

for the signature positive sector and

R, =Qy Qb (2.12)
for the negative one.

The Hamiltonian describing the system expressed in terms of the quasiparticle

transformation and of the signature quantum number (1.10) is defined as

H = const + . E,ala, + 3 Exala, + HY, + H). (2.13)

H i
The coupling strengths x should be determined by the self-consistent condition
between the density distribution and the single-particle potential. For the case of the
anisotropic harmonic oscillator potential [29], the values of the quadrupole strengths

are given by

2
HO _ 4 Mw;

Xok = 5A((r2)") (2.14)

with
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A

A((r)") ==<f§:(r2)”>- (2.15)

The notation "

indicates use of the doubly stretched coordinates, as explained
above.
Since the cranked Nilsson potential is not a simple harmonic oscillator, we use

scaling factors fyx as

Xok = fr X5 (2.16)

These factors are determined by theoretical and experimental requirements. For the
component K=1, we have to force a zero energy solution, called the Nambu-Goldstone
mode (see Chapter 5) at wyo; = 0, while for K=0 and K=2 one fixes the fx in such a
way to reproduce the experimental values of the - and y-vibration at w,,; = 0.

We want to conclude this section performing the quasiparticle transformation of all
operators that will be involved in the subsequent discussion on self-energy correction
and Nambu-Goldstone modes to clarify the role played by the signature quantum
number in a rotating frame. One can express the basic operators (nucleon number

N, pair creation operator ]3T, angular momentum j, quadrupole moment @) in terms

of the bilinear quasiparticle operators

AL, =ala] Al, = alal,
(2.17)
B}, =ala,, Bl, = ala,,

and their conjugates, as listed in table (2.1), where the AT is the creation operator of
two-quasiparticles (that corresponds to an excitation of the system with respect to

the quasiparticle vacuum), while Bt scatters one quasiparticle from one state to the
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other.

Field Mean Part A Part B
Value
N= (N) +XN(uv) ( Al + A,“;) +y" N(,U,V)ELV
L= (Pi) +3 Pe(uw) (Al £ A,p) +3" Pu(uv) B,
L= (T) +Z o) (Al + A,0) +5" L) Bl,
i, = + 5 Jo) (Al = Aw)  +Xy(u) (Bls — Buo)
p + ZZ@ J, () ( L,, + A + > J(up) (BL,; + BW)
@k = (Qk) +XCk(w) (Alpj (—1)KAW) + 3" Qk () Bl,, )
Qx = + ZZ(u Qx (1) (ALI/ - (_1)KAMV)+ ¥ Qx (1p) (B;Tu? - (_1)KBH17)
N(vp) = N(uw), Py(vp) = £Ps(pv),
Jo(vp) = L(w), J,(vp) = —Jy(pv), Jo(vp) = = J.(pv)
Qxvn) = (=1)"Q%k(uv), Qi (vp) = —Qk (uv)

Table 2.1: Quasiparticle representation of the basic operators. All coefficients are
real and satisfy the properties listed in the lower part of the Table. The double prime
attached to 3 indicate that when the component (pv) is summed its signature partner
(av)should also be summed, and the inequality p < v means that the component (vp)
should not be counted independently of (uv).

As observed from Table(2.1), the different sums over the quasiparticle states are
different not only in the coefficients in front of the operators At and ET, but also
depending on the value of the signature quantum number. We can try to understand
this behaviour from the graph (2.1) in which is represented some of the outcomes the

action of a one-body operator has when expressed in the quasiparticle variables.

(@ (b)

Figure 2.1: Action of one-body operator on quasiparticle states. Graph (a) correspond
to the creation of two-quasiparticle excitation in the vacuum while graph (b) is the
scattering of two quasiparticles
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In case (a) of Fig.(2.1), the generic operator F with signature « is acting on the
vacuum to give rise to two-quasiparticle excitations. Due to the fact that the signature
is a good quantum number in case we shall consider and that it is an additive quantity

(see Chapter 1), one can have these following possibilities

a = 0 v+6=0 =~ and ¢ have opposite signature,

a =1 v+6d=1 =~ and ¢ have same signature. (2.18)

We consider now the scattering case depicted in graph (b) of Fig.(2.1), namely

a =0 vy=0+0 =y and ¢ have same signature,

a =1 y=6d+1 =~ and § have opposite signature. (2.19)

These different possibilities are translated in a different behaviour in the coefficients
of the operators Af where, for positive signature operators like @(}(, we have that
the corresponding matrix elements contains only combinations of states of opposite
signature (;7) while in the signature negative operators (Q) the states can be both
u,v and ji, 7. In this latter case we have to impose a limitation, that is 4 < v and
i < 7, to avoid double counting. This is exactly the meaning of the symbol ZZ<V.
In the same way one can obtain the coefficients of the operator Bt corresponding to
case (b).

Using these properties one can define the residual interaction Ez‘ as a function of

the signature quantum number « as

~ ~ .

Ry, = 3 {Rﬂ(ul/)AlﬁRf, (/w)AW}, (2.20)
no

. n R N R

R, = Z{R})(W)ALﬁR}) (#V)AW}, (2.21)
wv

where, in the RPA approximation, quasiparticle scattering terms as Bt are regarded

as higher-order factor and, as a consequence, neglected.
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2.3 The Coupled RPA Equation

In the present framework, the residual interaction is a sum of several separable in-
teractions describing a coupled system of vibrations. This means that the standard
eigenvalue problem cannot be transformed into a simple dispersion equation but one
has to deal with coupled RPA equations.

The excitation operators of the RPA normal modes X, {;‘T (v =0,1) are constructed

in terms of the quasiparticle operators as

=y {va(un) Al + g (ur) A} (2.22)

iz

for positive-type operators and

n

Xﬂ =Y {au) AL, + oy ()AL}, (2.23)

wy
for negative-type operators. The index q specifies excited states and 95 (yd) and
©q(70) are the RPA forward and backward amplitudes.

The equation of motion and the normalization condition in the RPA theory are

given by
H, XgT]RPA = w;‘;X;*T, (2.24)
and
[ X X:;T]RPA = Oqq' - (2.25)
where the notation [ |gpa means that we neglect the terms higher than the RPA

order in the commutator.

f

Let us denote the transition matrix elements between the RPA excited states X 3

and the yrast state as

08 () = (| RS ) = [Rz,xg*] . (2.26)
RPA

Then, the equation of motion (2.24) is equivalent to the linear homogenous equation
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Q,(a) = Z Sor (W)X, Ly (a); (2.27)

where the quantities Sf,(w) are the so called unperturbed response functions neces-
sary to calculate the vibrational modes. In fact, RPA solutions, the eigenergies wy

are obtained by solving the equation

det(x5Shy (W) — 0yp) = 0, (2.28)

which corresponds to the condition that (2.27) has a nontrivial solution. This is a
determinant equation of dimension 7x7 for signature positive sector and 2x2 for neg-
ative part , as one can see from the definitions (2.11,2.12) of the residual interactions.
Each RPA eigenstate is characterized by the corresponding forward and backward

amplitudes which are calculated as

2, X, 25 (a) B3 (79)
« — N
77/}'-] (76) + Efy + E5 o wg X q»
*
2, X, 2 (@) Ry (79)
(S _pAp=p p x N 7
Spq(’y ) E7+E5+Wg q
(2.29)
where Vg is the normalization constant defined by
S {ve" (v6) — 0§ (10)} = 1. (2.30)
q

The transition matrix elements between the RPA excited states q and the yrast

state for any of the residual interaction can be expressed in terms of the amplitudes
g (70) and g (v9)

Qo) = 3 [Re" (10)5(00) - Ry(10)e(19)]. (2.31)

k)
The expression for the unperturbed response functions for positive and negative sig-

nature is given by
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SO

op

* _ _ _ % _
) = R, (i0)Ry(u) Ry (n0) B, (1P)
' 7 Ep—w Ep+w ’

" * *
S = 3 By ) By ) | By(p) By () )
o E,—w E, +w

(2.32)

where the quantities £,; = £, + £ and E,, = E, + E, are the two-quasiparticle
excitations in the positive and negative sector respectively. In the case of a non-
superconducting system these energies correspond to the usual particle-hole excita-
tions.

The coupled RPA equation (2.28) presents numerical difficulties, connected to the
fact that the number of the two-quasiparticle excitations E,;(E,,) in a deformed
rotating system is more than thousands due to the loss of degeneracy in the single-
particle spectrum. Moreover, the spectrum of these two-quasiparticle excitations is
very dense leading to a difficult search of the coherent RPA solution, because each
vibrational solution of (2.28) lies between two of these two-quasiparticle excitations.

In what follows we are going to show in a realistic case the difficulties met in
looking for each individual RPA roots. We have chosen a well-deformed nucleus,
168Ybh and calculated the two-quasiparticle excitations entering in the definition of
the unperturbed response function (see Eq.(2.32)). In this case we have two sectors,
one for signature positive with dimension of 7x7 and a signature negative part of
2x2 dimension. We consider, for simplicity only one case, namely the positive one
and in particular the two-quasiparticle energies and corresponding transition matrix
elements for S-vibration. We take now the same quantities but for a spherical nucleus,
that is Mo and we plot the results in the same picture (see Fig.(2.2)) for comparison.
From graph (a) it is clear that the number of transitions is considerably increased
(we are in presence of ~16000 different transitions for '®Yb while we have only 200
for Mo in the same range of energy) and, moreover, the difference between two of
these two-quasiparticle excitation can be so tiny that it is not resolvable in the plot

(grey region). Thinking in terms of the simple RPA dispersion relation this means
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Figure 2.2: Two-quasiparticle excitation energies for a deformed (case (a)) and spher-
ical nucleus (case (b)).

that one should be able to find a number of RPA roots equal to the number of the
two-quasiparticle excitation energies, because each of the individual RPA solutions
are sandwiched between two of the two-quasiparticle-like excitations. This represents
a numerical challenge in the coupled RPA equation especially in connection with the
determination of the spurious states associated with Nambu-Goldstone modes (see
Chapters 5).

We are then left with the problem of finding the RPA solutions without solving
numerically eq.(2.28) and the corresponding transition matrix elements (2.26). This
is possible within the framework of the linear response theory. As an example, the

RPA ground state correlation energy has been calculated by using this technique,
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without explicitly solving the RPA equations [23].

2.4 Linear Response Theory

The expression for the response function, in case of separable residual interactions,

can be written as

R=(1-Sy)""5, (2.33)

where R, S and Yy, in the actual case of coupled RPA, are N x N matrices, where N
is the total number of the residual interactions in a specific sector of signature. The
matrix S is the unperturbed response function defined in terms of two-quasiparticle
excitations given by (2.32). It is convenient to have the explicit expression for the
response function, namely its spectral representation, (see [3]). For this purpose we

need to calculate the resolvent operator

Glw) = = (2.34)

The matrix G(w) corresponding to the above resolvent is easily obtained once the

RPA eigenvalue problem is solved. The RPA spectrum consists of complex energies.
However, one can show that only the real ones correspond to physical solutions, while
the complex ones are sign of the instability of the system. For non-zero real solutions,

the eigenvalues and eigenvectors of the RPA can be written as

(Wgr X o) (—wgs Xq), (2.35)
where the eigenvectors are defined by
a a 75 Oé". a A @ A
xp = (B0 5T = [0l + w500,
qu Y <6
- 2" (79) cal * 5 A *(v6)A
Xo = ( ‘a, ) = X2 =3 (2 (0 Al + g (75)1476} :
q (76) <d

(2.36)
Due to the normalization condition (2.25) we have that
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(X2, X5 rpa = G = ~1X2, X2 e = dug (2.37)

The spectral representation of the resolvent expressed in terms of these eigenvectors

18

« a-" _a_aT
XXy XK

q
o ___ o«
Wg —w wq—l—w

Gw) =Y (2.38)

where the notation X % Y represents a matrix constructed from the product of two
vectors X and Y ( Notice that this is valid only when we do not have zero-energy
solutions, that is the Nambu-Goldstone modes(see Chapter 5)).

The resolvent matrix can be used to evaluate the spectral representation of the

RPA response, because

Rop(w) = (ATG(w)B), (2.39)

where A and B are two generic operators and the notation ( ) means that we are
considering the vacuum expectation value, that is (wret| |wror). This means that the
numerators of the response function will contains terms as ATX «YTB that, in the

framework of the RPA response, can be written as

(ATX « Y'B) = [ATX]ppa [V Blrea. (2.40)

We remember now the definition of the transition matrix elements between excited

and ground state (see Eq.(2.26)), so that the expression above can be written as

= A *
(ATX +YTB) = Q% (q) Q%(Q)- (2.41)
Introducing this last equality in the spectral representation of the RPA response

function we obtain

Q5" (4) Q3 (a) At o (q)> (2.42)

[ S «
wg —w wq+w

Rgp’ (W) = Z (

q

where the indexes p and p’ are used to label the operators A and B.
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Chapter 3

Single-Particle Self-Energy

3.1 Introduction

We can summarize the content of the former Chapters saying that the nuclear system
is built up of single-particle(quasiparticle) plus surface vibrations. In fact, we have
seen in Chapter 1, that the quasiparticles can be considered as independent elemen-
tary excitations of the HFB vacuum state, while the collective modes are elementary
(independent) excitations of the RPA vacuum (see Chapter 2). The next step is to
consider states which are made up from two excitation modes. If one of the excita-
tions has a collective character while the second has a single particle nature ( as in
the nucleus case), one can define an interaction Hamiltonian which is linear in the
collective and particle variables. The density variations associated with the surface
mode produce corresponding variations in the average nuclear potential, leading to
a coupling between the vibrational degrees of freedom and those of the individual
particles which plays a similar role in the nucleus as the particle-phonon or particle-
plasmon couplings in condensed matter. One may consider the various effects which
arise from the coupling, for example the renormalization of the properties of both
the particles and the vibrations, the effective interactions between those elementary
excitations and so on.

In a nucleus shape oscillations are the most important low-lying collective motion.
In this case the average potential can be approximately obtained by a deformation of

the static potential which has a surface R(7) defined by
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R(7) = Ry |1+ > axu(@)Y5,(7)

Apq

A>2. (3.1)

In the above definition the quantities a,,(q) are time-dependent amplitudes of the
collective deformation(excitations) of the nuclear surface. For each multipolarity A
we have a set of (2\ + 1) variables u=0,£ 1,...,£X. The corresponding wave-like
excitations (in number of q for each multipolarity A) carry the angular momentum
A, its projection g onto an arbitrary quantization axis z fixed in space, and natural

parity (—1)A.

3.2 Particle-Vibration Coupling

The fluctuation of the nuclear surface around the equilibrium radius Ry is then given
by

~

V(T) = %(T) + HCOup17 (32)

where the first term on the right hand side represents the average static one-body

potential while the second one, defined by

H\coupl = _RO— Z &/\N(Q)Y*/\u(ff); (33)

is the particle-vibration coupling Hamiltonian. From its definition (see Eq.3.3)
one can see that fl\coupl, due to the amplitudes a,,(q), introduces an explicitly time-
dependence (energy-dependence) into the one-body potential, hence modifying the
Hartree-Fock (or HFB) predictions of single-particles properties in several respects. It
turns out that it is not possible to reproduce the essential features of the experimental
data on bound and scattering states if one assumes that this potential is local and
independent of energy. It was shown [39] that the particle-vibration coupling strongly
shifts these states surrounding the Fermi-level and increases the single-particle density.
This level shift can also be discussed in terms of an effective mass m*. It was already
pointed out by Brown et al [38] that the experimental single-particles energies are

better reproduced if one allows the ratio m*/m to be close to or larger than 1 around
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the Fermi level whereas it should be about 0.6-0.7 for the deeper states. Brueckner
HF calculations in nuclear matter [35] and second-order calculations in finite nuclei
[36] indicate that the energy dependence of the one-body potential, or mass operator,
leads to an enhancement of m*/m around the Fermi energy. On the other hand, the
values of m*/m predicted for example by HF calculations with Skyrme III [37] are
smaller than one. One can show that m*/m becomes larger than one for states in the
vicinity of the Fermi level when the particle-vibration coupling is included. We will
come back to the definition of the effective mass and how to evaluate it later on (see
Chapter 8). Now we are interested in studying the energy correction to the one-body
potential generated by the coupling of the single-particle degrees of freedom with the
collective motion.

We start looking at the main vertices originating by the coupling (3.3) which are
depicted in Fig.(3.1), where case(a) represents a particle(hole) exciting a vibration by
means of an inelastic bouncing off the surface while case(b) is the annihilation of the

surface modes with production of a particle-hole pair.

(b)

Figure 3.1: Basic couplings between particles and phonons which contribute to the
self-energies of single-particle states. A line marked with an arrow pointing up rep-
resents a particle, while one pointing down represents a hole. A wavy line stands for
a surface vibration. In (a) a particle (hole) bounces inelastically off the surface and
creates a surface vibration. In (b) the annihilation of a surface modes is followed by
the creation of a particle-hole pair.
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The lowest (second) order dynamical contributions in the particle-vibration model

to the mass operator renormalizing the single-particle motion are given in Fig.(3.2)

kA

O
g «&» e
©

K

K

O
(« )
©

(3 (b)

Figure 3.2: The lowest(second)order processes by which the single-particle motion is
renormalized by the coupling to surface modes. The intermediate state is a particle
(case (a)) while graph (b) represents a hole intermediate state.

The associated expression of the self-energy operator is

o g \w— (e2tw,) w—(e2—wy,)

The notation ) .,(1,w) means self-energy correction of the single-particle state 1

while

Ba(A)
V(251 + 12X+ 1)

are the matrix elements controlling the coupling mechanism (cf. Fig.(3.1) case(a))

V(1,25 ), @) = (2 a(\)1| Heoupl|1) = + (1712),  (3.5)

and where the term

- o= .
Tay = Roa—qf’Y*M(r), (3.6)

is the field generating the collective modes cy,. The plus and minus sign cor-

responds to a particle or to a hole scattering respectively. In the above notation
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|(2;q(\))1> means that the coupling (3.3) gives rise to an intermediate state built up
as a particle 2 coupled to the vibration q of multipolarity A in such a way that the
quantum numbers of the initial state 1 are conserved. Each term of the self-energy
expression has the typical structure of an energy correction in second order pertur-
bation theory, that is, a square matrix element divided by an energy denominator,
given by the difference between the initial and intermediate states.

The quantity S4()) defined as

. PgN)
2N+ 1

is the deformation parameter associated with the q’th surface vibration. In the above

Mig(T) = [(Lrualana(@)[0)] (3.7)

definition we have used the notation 1,,q to label a one-phonon state of multipolarity
A and projection . In the framework of the linear response function, this parameter
represents, for each RPA solutions, the transition matrix element between the excited

state and the ground state (see Chapter 2), so that one can write

Myg(T) | Myg(T) —2wy

In this case we are dealing with only one residual interaction, so that Q;‘j* (q) Q5 (q)
and Qf(q) Q;},* (a), appearing in Eq.(2.42), coincide because p = p' = 1 and they are
called M)4(T'). We will see in Chapter 4 that this, in a more general framework, is

not possible leading to extra terms in the self-energy expression.

3.3 Self-Energy at Finite Temperature

The finite temperature method we shall use was developed by Matsubara and one
can find the details in textbooks [5, 7, 8]. Here we recall only some of the important
properties that we will use in the development of the self-energy correction in a
rotating frame. First of all, the Matsubara’s method is based on the treatment of
time ¢ and temperature (= 1/KT) as real and imaginary parts of a complex variable.
As a consequence, the frequencies associated with single-particle states are discrete

quantities.
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The fermion Green’s function representing the free propagation of a particle with
momentum p and energy €, (the energies are always considered referred to the Fermi

energy) is defined as

. 1
go(pazpn) - T
1Pn — 5p

while the propagation of a phonon with momentum q and frequency w, is given by

(3.9)

the phonon Green’s function

Dg(q,mn):<, ! ~ — ! ) (3.10)

Wy, — Wy Wy, + Wy
The label A is used to distinguish between different multipolarity of the vibrational

modes. The temperature information are contained in the frequencies ip, and iw,

defined as

, (2n+1)m

Wn = 11—
p

. 2nm

Wy = 27,

(3.11)

where n is an integer number, that can be positive, negative or zero. This means
that the fermion and phonon frequencies take discrete values and, in particular, the
fermion frequencies are odd multiples of % while the phonon frequencies are even
multiples.

The basic self-energy contribution originating from the particle-vibration coupling

is shown in Fig.(3.3) and the analytic expression is given by

> (1,ip,) = ! > V1,20, 9) Y DY(G, iw,)G° (2, ip, — iwy). (3.12)

sp A,q,2 iwn

One can try to give a simple explanation to this expression looking at Fig.(3.3).
The initial state is a particle with frequency ip,, labelled 1, moving in the mean
field that can emit or absorb a phonon with frequency iw, (phonon free propagation

given by DY(q,iw,)). This induces the initial particle to change its state of motion
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Figure 3.3: Self-energy diagram for the single-particle state at finite temperature. An
arrowed line describes the particle propagation while a wavy line indicates a surface
mode.

going into another state with frequency ip, — iw,, labelled 2 (fermion propagation
represented by G°(2,ip, — iw,)). The phonon is re-absorbed or re-emitted bringing
the configuration to the same initial state. One can notice that at the vertex there
is conservation of the oddness and eveness of the fermion and phonon frequencies,
respectively. In fact, ip, — 1w, is the difference between an odd and an even number.
This means that the result is an odd number as it should be because the intermediate

state 2 is a fermion.

3.4 Matsubara Frequency Summation

The following section develops in details the Matsubara’s method of summation over
combinations of unperturbed Green’s functions. We have decided to report here all
steps of calculations to compare it with the new procedure that will be discussed in
the next section. We simplify the notation of (3.12) introducing the function S that
contains the sum in which we are interested in, namely

S = ! > " DYg, iwn)G2(2,ip, — iwn), (3.13)

ﬁ W

since we can rewrite the self-energy in the compact form
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> (1ip,) = > V3(1,2;M,q)S. (3.14)
sp

7q3

The function S, after substituting the definition of the fermion and phonon Green’s

functions, can be written as

1 +00 1 +o0 2(,4)3 1
- _ - n) = —— : , : . 3.15
n_z_oo f “ 5 nzz_oo (an)2 - wa 1Pn — Wy — €2 ( )
We consider now the following contour integration
) 1
I = lim — ¢ dzf(2)ng(z), (3.16)

R—oo 2711 JCO
where the path C corresponds to a large circle of radius R in the limit as R — oo and
the function fis exactly the one defined in Eq.(3.15) with the substitution iw, — z.
The function ng(z) is chosen to generate poles at the points iw, for all even integer

n. The function which does this is the boson factor

(3.17)

np(z) = NPREE

i Pn-E;
* i,
u

i

Q
Y

Figure 3.4: Contour integration and poles of the function f(z). The mark X is used
for the boson factor poles while # indicates the phonon Green’s function poles. For
the fermion case the symbol * is used.

The poles of np(z) are the points 12"” for all positive, negative integer n included
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n=0. The residue at each of these poles is % In Fig.(3.4), these poles are drawn

using X marks evenly spaced on the vertical axis. The function f(z) has poles at the
points +wy , ( labelled by # in the same figure) which originate from the phonon
Green’s function. The last pole is ip, — €2, (labelled by * where it is considered the
case €5 > 0)) due to the fermion Green’s function.

In the following we summarize the calculated residues at each pole, namely

2nm 1
Zp = 1—— R, = _f W,
5 5 (1wn)
- A
21 = wg R1 - X ﬁB-(Wq)
+wq 1Py + E2
N (—w (3.18)

—Wy — 1Pn tE2

—2wanp(ipn — €2)

(ipn — €2)? — w)’

23 = ipp — €2 R3 =

It is important to remember some useful properties of the boson and fermion
function that we will use below to simplify as much as possible the formulations. We
can start with the relation existing between the values of the function ngz(z) at the

point —z and its opposite +z, that is

eb?
np(—z) = e_ﬂzl_ 1= 1o = —eP ng(2). (3.19)
But
P =1+npz)"" = %(BZ)(Z) (3.20)
so that
n(—2) = —%@(z) = 1+ np(2)]. (3.21)

We want to find the equivalent relation for the fermion function, that is
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— ) = — _ Bz
np(—2) = e P o np(z). (3.22)
We notice that
1 —np(2)
Bz __ 1 F
e =np(z)” —1 3.23
F( ) TZF(Z) ( )
which allows us to write
1—np(2)
) =7 =1- : 3.24
ne(=2) = =0 ne(2) = 1= ne() (324
We now observe that the exponential function has an important property
"™ = cosmm +isinmm = (—1)", (3.25)
if m is an integer number. We can use these results to write that
nB(an — 82) = —nF(—€2), (326)
because, using (3.11,3.19-3.25), we have that
, B 1 B 1 B
"B (an B 62) - ebipne—Bez — 1 o et@nt)me—Pea _ o
B 1 B 1 B 1 B
= CDEe P o1 —elao1 efag1 . wleR)
(3.27)

We can now rewrite the residues Ry and Rj, using the relations found above, that

18

—npg(w,) — 1
R, = AB(%) (3.28)
_wq_zp'n+82
2o (— 2w [1 —
Ry — - earr(te2) o 2wl ne(E)] (3.29)

(ipn —€2)? —w)’  (ipn — €2)? —w)*
The last residue can be reduced to a more useful form because its denominator is the

difference of two squared numbers. This means that
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A A
q — 2wq —

(’Lpn o 82)2 _ wl;? (’Lpn — €9 — wa) X (’Lpn — Eg + wg)

1 1
= - — - , (3.30)
zpn—sz—wa zpn—sz—l—wg

leading to this expression for the residue I3

1—np(ez)  1—np(e) ] _ (3.31)

n-| .
Ipp — €2 — Wy  1Pn —E2 T Wy

We insert back R,, Ry, Ry, and R3 in the definition of the contour integration [
taking into account that, by definition, it is simply the sum of all the residues included
in the chosen path. For convenience, we change sign in the denominators of R, and

R, to have similar terms in the sum. The value of the contour integration [ is then

—+0o0

that means
=1 np(w)) 1+ ng(w))
I = - ; n q q
1-— 1-—
b | Amnwle) o Tone(E) | (3.33)

1Py —E2 — Wy  1Pp — E2 T Wy
We can simplify this integral adding the terms with the same denominator and

using the definition of S given in Eq.(3.13),

1+ ng(wy) — nr(e2) N ng(w,) + np(e2)
1Pp — E2 — W) z'pn—82+w3 )

Due to the fact that the function f(z), defined in Eq.(3.15), goes to zero when R — oo,

I=-S+

(3.34)

the integral I, in this limit, approaches the zero-value. This result is important,
because in this way we can find the expression of S, that is the function containing

the sum over the frequencies. The result is

1 = 1+ np(w)) —nr(e2) np(w)) + np(e2)
S=-= Wy) = ! ! . 3.35
571;00]((%) ) iPn — €2 — Wy * ipn — €2 + Wy (3:35)
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The expression of the self-energy is then (3.12)

1+ nB( ) — TZF(62) i nB(w,;) + nF(sz)

ipy — £2 — W) ipy — A (3:36)
2 Dn — €2 + Wa

> (1,ip,) = ZV2 .q)

1q3

We have to connect this function defined in term of discrete fermion frequencies ip,
with retarded functions. This is possible through an analytic continuation of the form

1pp, — € +11. The retarded self-energy is then

1+ ng(w)) —np(e np(w?) + np(e
S (1e+in) = > Vi1 .q) B_( 2 F(A2) " B( 'q) r(€2) (337)
ret A,q52 8+Z7]—€2—wq 5"’”7—824—(,03

The structure of the equation above contains two terms coming from the fact that an
intermediate state can be formed either by creation or annihilation of a vibrational
quantum. Taking into account that the Matsubara Green’s function includes both
particle and hole propagation, one can give a straightforward interpretation of the
single graph in Fig.(3.3) showing that it contains the time-ordered processes at T=0
(see [13]).

Equation (3.37) is a transparent and simple expression limited by the fact that
we need to know exactly all the phonon energies w; and the corresponding transition
matrix elements. This can be done in the framework of the RPA theory at finite
temperature [24]. Since in a rotating frame we are dealing, as explained in Chapter
2, with a sum over several interactions corresponding to different vibrational modes,
we will end up with a coupled RPA equation with numerical complications. Only a
drastic reduction of the number of possible phonon excitations can allow us to use the
formula given in (3.37). One can ask the following question: is it possible to obtain
the retarded self-energy using a different expression in which the detailed knowledge
of the vibrational modes is not necessary ? The linear response theory gives us an
affirmative answer because the excitations are, in a sense, “hidden” in the response

function(see Chapter 2)
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3.5 New Frequency Summation

This new method is based exactly on the original Matsubara’s procedure with an
important inversion on the order of steps. In fact, while in the usual method one starts
solving the frequency summation followed by an analytic continuation, in this new
procedure we do the inverse, that is we perform immediately the analytic continuation
and, successively, we treat the sum over the frequencies. As we will show below, this
inversion leads to a modification in the fermion pole and its corresponding residue that
change in an important way the technical details and the computational difficulties
in arriving to the same results as Matsubara.

Our starting point is, as in the former section, the self-energy (3.12)

> (1,ip,) = —% > V1,20, 9) Y DY(g, iw,)G (2, ip, — iwy). (3.38)
Sp A,q,2

W
We proceed immediately with the analytic continuation ip,, — € 4 7 so that we can

write

S (Letin) = = 3 VAL, 20,9) Y DY (g, iwn)G(2.e +in — iwy).  (3.39)

Sp A,g,2 iwn,

The main point in these calculations is to recognize the following inequality

> (1,ip,) ip, —e+in after summation # ) (1,4 in) (3.40)
sp

Sp
As in the former section, the self-energy (3.12) can be written in terms of a function

containing the sum over the phonon frequencies, that is

1
d(1e+in)=—=> V1,2, q9)G (3.41)
sp p Aq,2
where
1 1 I 2w3 1
== W) = —— : ‘ — . 42
G ﬂ%g(lw ) ﬂn:Z_oo (,Lwn)Q_w326+Zn_an_€2 (3 )
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Figure 3.5: Contour integration and poles of the function g(z). See caption of Fig.(3.4)
for details.

We need to choose a proper contour integration, as in the former section, defined as

J = lim Ljlidzg(z)n,g;(z), (3.43)

R—o00 2771
where the path of integration is a large circle of radius R in the limit as R — oo. The
contour of integration and the poles of the function g(z) are represented in Fig.(3.5)

for (e — &2 <0)

The function ¢(z) is defined as (see 3.42)

2w 1 2w 1
= 9 _ = — 9 _ . 3.44
9(2) 22—w)etin—z—eg 22 —w)z—e—il + e (3-44)

This function has the same poles of the f(z) except the one originating from the
fermion Green’s function, namely e+in—e5. We can write the poles and corresponding

residues in the table
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,  2nT 1

2 =i— R = —g(iw,
n =13 "3 (1wn)
Y o _nB(wt/;)
17 % R1_+w3—5—z’1+62
, A . nB(—W,?,) (3.45)
2T % 2_—w3—5—z’1+52
—2wingle +in—e
25 =€e+1in —eg R, = a"s( "= <)

(e +in —e2)? — w)’

We now use the relations (3.19) to simplify the residue R} in the form

np(wy) +1
e+in—ez+w)

The definition of the residues R3; and Rj given, respectively, in (3.18) and (3.45), do

R, = (3.46)

not have the same numerators. This difference comes from the fact that we can not
use the identity (3.26) because the argument of the boson factor has a continuous

value, namely

np(e +in —e2) # —np(—c2), (3.47)

This is the main difference in this new procedure compared with the standard one.
It is this inequality that change the final result and, as one can see, it comes directly
from the “order” in which the analytic continuation is performed.

We are going to look for the final expression of the self-energy and this will take
some algebraic steps. First of all, we modify the residue R}, adding and subtracting

the same quantity, i.e. we define

BB 4 l-—np(e2) 1 -—np(e)
s s etin—c2—wy, ¢e+in—e2tuwy
l 1 —ngp(eq) 1 —np(e2) ]

5+i77—52—w3_5+i77—52+w3

(3.48)

39



We can write now the result of integration as the sum of all residues R],, R}, R)and

RY. The value of the integral .J is then

+00
J= > R,+R|+R,+Rj, (3.49)
n=-—o00
that means
* 1 np(w) 1+ ng(w)
7= > Lyl Lresle)
n:_ooﬁ E+i —E2 —Wg €+ —¢E2+t Wy

_ -nB(€+i7]—€2)_nB(8+i77—82)-+
E+in—c2—wy E+in—Ex+wy)

q
N 1 —np(ez) 1= np(ea) |
_5+in—52—w3 6+in—52+w3_

1 —np(ez) 1 —np(ez) |

et —e2—w) etin—extw)|’
(3.50)

We can simplify this integral adding the terms with the same denominator

1 +np(wy) —ne(ez)  np(wy) + ne(e2)

Jo= e ) A ; A
€+'L’l7—€2—wq 8+“7_€2+wq
_ 1 —nF(52)+nB(€+in—62) n ”F(52)+n3(8+i7]—52) _
8+i77—62—w3 5+i7]—82+w2
— o+ 1+ nB'(wQ) — np(e2) n nB(u-),;) + np(ez)
8+Z77—62—w3 5+Z7]—82+w2
1= ni(ea) + (e + i — )] 8 -
- - € e+ —¢ ' '
np\&2 np n 2 (5“‘17’] —_ 52)2 _w(/f

Due to the fact that the function g(z) —0 when R — oo, the integral J, in this limit,
is zero. This property allows us to find the value of the function G, that contains the

sum over the discrete frequencies iw,, that is

1+ ng(we) — nr(e2) N ng(wy) + nr(e2)

G =
e+in—e2 — wy, e+ —e2+wy,

— [1—np(e2) + nple +in — 3)] , 4 5. (3.52)
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This means that the self-energy can be written as

1+ ng(wy) — nr(e2) E (wy) + nr(e2)

Y (1le+in) = ZW ,2; )\, q)

5P 7,2 €+1in —e2 —wy £4in—e2+w)
_ Z V2(1 )[1 —np(ez) + npe +1in — e2)] 2w,
24,2 (e +in —e2)? — wy’

= Y (Le+in+

ret
3 v g g L i )2
\a;2 T (e +in —e2)? —wy’

(3.53)

We can compare now the analytic continued expression of (3.36) and this last one.
While in the first case the result is exactly the retarded self energy, in the latter one,
obtained with our new method, we have an additional term, that we can express by
means of the response function. To achieve this goal we have to come back to the
definition of the vertex matrix elements(3.5) and separate the vibration contribution

from the particle one, using (3.7), that is

[(1]|T5[[2)]7
271 +1
At this point, using the definition of response function (3.8), we obtain

V3(1,2;), q) = Mg(T). (3.54)

: : (1[|73]12)
(1,e+in) = (Le+in)+ ) ~—F——— X
% % 2 2+l

X [1—np(e2) +npgle +in—c2)] R\(e +in—e2).  (3.55)
The result of this new procedure is then
: 1||T)\||2>
(1,e+1in) = 1,e+in) —
2 2 N TS

X [l —np(e2) + np(e+in—e2)| Ry(e+in—e2).  (3.56)

This is not yet our final answer because we need to write down in a useful form the

first term on the right hand side of the last equation. For this purpose, we have to
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remember the relation existing between the response function(3.8) and the phonon
Green’s function (3.10), that is
R, (iwy,, T Z Mo (T)DY(gq, iwy,). (3.57)

Using this expression and (3.54) in the definition of the self-energy (3.39), we obtain

> (Le+in) = 12 > Ry (1w, T)G%(2, & + in — iwy,). (3.58)

sp ﬁ A2 wn,

1IITAII2

Using this last result inside (3.56), after substituting the expression of the fermion

Green’s function, we reach our aim, that is

a|712) .
St - L BB {1y Rl

ret A2 2]1"’1 5"’277—62—2&)
— [ —np(e2) + nple +in—e2)| R, (e +in — 52)}. (3.59)

This is the expression of the retarded self-energy at finite temperature in terms of
the response function. The advantage of this formula compared with the standard
one is that one needs only to work within the chosen single-particle space where it is
possible to evaluate the energies e5,the matrix elements (1||73]|2) and the response
function.

This new method doesn’t solve completely the phonon frequency sum, as one
can see from the first term on the right hand side of Eq.(3.59). However, this sum
can be easily evaluated numerically because we do not need to take into account an
infinite summation. This is because the response function tends rapidly to zero with
increasing energy. This means that when n is big enough, iw,, corresponds to an energy
for which the response function is absolutely zero. We have checked that the range
(=500, 500) for the integer variable n is a reasonable choice, because it corresponds
to evaluate the response function inside the energy range (—30007,30007") MeV.

Outside this interval one can be completely sure that there are no contributions from

Ziwn .
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Figure 3.6: Quadrupole RPA response function for Mo at different temperatures.
The used averaging parameter is n = 0.5 MeV.

To understand much better this truncation in the infinite sum we present in
Fig.(3.6) the RPA response function for the 2*-vibration at two different values of
temperature (T=1 MeV and T=2 MeV) for the nucleus **Mo. These results are ob-
tained using a spherical Woods-Saxon mean-field potential with standard parameters.
As one can see from Fig.(3.6), the response function dies out already at 40 MeV of
excitation energy so that our condition on the n-value, taking into account a much
larger range, does not neglect any important contributions.

Using the calculations known in literature[14] on self-energy at finite temperature
for spherical nuclei, it was possible to check the validity of the new formulation
(Eq.(3.59). In Fig.(3.7) we present the self-energy of a specific single-particle state
evaluated with the usual definition in terms of RPA solutions (3.37) and the one
obtained with the new expression (Eq.(3.59)), showing that there is perfect agreement

between the two different procedures.
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Figure 3.7: Self-energy of the single-particle state 2ds /o in ®*Mo at T=1 MeV. Graphs
(a) and (c) are obtained using Eq.(3.37), while for graphs (b) and (d) use was made
of Eq.(3.59). The upper line contains the imaginary part while the lower one the real
part of the self-energy. The averaging parameter used is n=0.5 MeV.

As one can see from Eq.(3.59), the retarded self-energy is the sum of two terms,
where the first one (that we call term a) reminds to the original Matsubara’s self-
energy while the second one (term b) contains explicitly the dependence on temper-
ature because of the boson and fermi factors. Below we will show that one cannot
neglect any of these terms but that they both contribute in an important way to the
total retarded self-energy. The example given in Fig.(3.8) refers to the self-energy of

the same single-particle state 2ds/, analyzed in the former picture.
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Figure 3.8: Self-energy contributions of terms (a) and (b) to the total retarded self-
energy (see Eq.(3.56) and text for explanation).

3.6 Self-Energy at Zero Temperature

We shall now show that the self-energy at zero temperature is only a limiting case

of the results obtained at finite temperature. We start considering the standard

expression of the self-energy (3.37) using the consideration that the boson factor

cancels out when 7' — 0 (because its argument is a positive qunatity). The self
energy becomes

Y (Le+in) =Y V*1,2;)q) 1 — np(e2) n np(e2)

n — — n — Al
ot Ng.2 Etun—€E2— Wy €+ —E2t+w

(3.60)

where the two terms originate from the fact that the intermediate state 2 can be a

particle (ng(e2) = 0) or a hole (np(e2) = 1). This is the usual expression of the

self-energy at zero temperature, as one can check in literature([5],[13]).

For the reasons already explained in the previous section, we would like to have
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the expression of the retarded self-energy in terms of the response function also at
zero temperature. This can be done starting from the result (3.59) obtained at finite
temperature and going to the limit of zero temperature. We will show that the
expression that one obtain in this limit coincides with the one given in Eq.(3.60) in
terms of the RPA solutions.

In the Matsubara’s formalism, the limit of zero temperature is equivalent to per-

form the following substitution

%Z Flion) — % /:: du f (i), (3.61)

Differently from the first case, the boson factor included in (3.59) doesn’t cancel out
automatically in the limit of zero temperature because its argument can change sign,

that is

0 eE—¢e9>0
f— o0 , (3.62)
-1 €—¢e9<0

1

np(e+in —e2) = T—

where the details of this derivation are given in appendix A. As a consequence, we
have to distinguish between two different intervals of energy, so that the self-energy

can be written as

1

+oo Ry\(1
> (Le+in) = —/ dw——o (i) .
o 21 J o e+ — 2 — 1w

np(e2)Ry (e +in — e2) £—¢e<0

—[1 —np(e2)]Ry(e+in—c2) e—e2>0
(3.63)

We shall show that the above expression is equivalent to the standard one given
in Eq.(3.60). For this purpose, we start with the integral term and write down the
response function in terms of the RPA solutions (3.8). This brings us to the following

expression
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1 +oo 1 1 1
I = —/ dw ™ Mo (T -
21 J—x w; )‘Q( )lwg—z’w +w3+iw]

_ %{Z My (T) A/+°°dw[ 1 1 ]+

7 6+in—62—wq -0 wg—iw e+1n —Eg —iw

Ty /+°°dwl L ! H

E+1n —eg —iw

qe-l—in—sz—f—wg S wg-l—iw E+in —eg — W
(3.64)
The final result depends on the solution of three different integrals
+oo 1
Il = / dw 3
NS we — W
+oo 1
12 = / dw .
—00 wg 4w
+oo 1
]3 = / dw - —.
— 0 e+ —€c2 —wWw
(3.65)

The first two integrals, I; and I,, are very easy to evaluate while the third one is
slightly more involved. However, we are able to give their analytic solutions, as one

can check in appendix A, namely

Il = 7
12 = 7
I — ™ €—e2>0
37 - e—e9<0

(3.66)

We can now use these results to write the value of the integral /

7 — msign(e —ez) T+ wsign(e — e2) } -

6+in—52—w3 6+in—62+w3

[ = %;MAQ(T){
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M)\q (T)

- € —¢e9<0
_ ;64—277—52—@03 2
> Myq(T) £—e9>0
7 ETin—e2+wy

(3.67)

Using these expressions and the definition of the response function(3.8) inside eq(3.63),

we obtain

1 —np(es) N nr(ez)

et —c2—wy, e+ —cz2+w,
> (Letin) = Y V(1,20 q)
2

ret \,q, 1-— nrg (52) + ng (82)

etin—c2—w, e+ —cz2+w,

This is the retarded self-energy defined in the standard way.
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e—e9 <0
e—¢e9>0
(3.68)



Chapter 4

Self-Energy in a Rotating Frame

4.1 Introduction

The formalism developed in the last Chapter applies only to normal systems. In order
to generalize the particle-vibration coupling in a rotating frame, we have to consider
that we are in presence of two different properties compared to the normal case, that
is pairing correlations and rotation.

It is common to describe a superfluid system where the ground state is built up of
paired states through a canonical transformation from bare particles to quasiparticles
(see Chapter 1 for details). In this way we are dealing with an Hamiltonian of inde-
pendent quasiparticles where the elementary excitations are created by the operators
’dL. These excitations are neither particles nor holes but they belong to both types
at the same time. To understand the main difference compared with the normal case
is convenient to use the one quasiparticle Green’s function (see [6]) which is defined

as in the normal system with the exception that the field operators correspond to

quasiparticles creation operators. One can write that

Go(k,t) = ie”"*'O(2), (4.1)
where ©(t) is a step function
1 t>0
G)(t)—{0 fo0 (4.2)

This means that a quasiparticle cannot move backward in time while, conversely, a
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bare particle can propagate either forward or backward. This will produce in the
expression of the self-energy a difference in the definition of the denominators, that
is in the energy of the intermediate state that can be generated by the coupling of a
quasiparticle with a vibration.

As we have seen in Chapter 1, the introduction of Coriolis and inertial forces bring
us to a different way to label states, that is we have to use the signature quantum
number .. While in a normal system at the vertices of the particle-vibration coupling
one has to impose angular momentum conservation, in a rotating frame we have
to conserve signature. This will introduce a furthermore complication in the final

expression of the retarded self-energy.

4.2 Quasiparticle-Vibration Coupling

The starting point for defining the self-energy is, of course, the quasiparticle-vibration
coupling Hamiltonian representing the coupling between quasiparticles aL and the
surface normal modes XgT (see Chapter 2).

For this purpose we go back to the coupling Hamiltonian defined in the Chapter
3 Eq.(3.3) and see that it can be written as

—

Heoup = —xFa. (4.3)

In second quantization the field F will be expressed in terms of quasiparticle operators
(because it is a one-body operator) exactly as it was done in Chapter 1 in Table (2.1),
while &, which represents the collective coordinate, by means of vibrational modes,

in such a way that the quasiparticle vibration coupling can be written as

—

Hcoupl - _Xﬁqpﬁvib- (44)

The effective Hamiltonian describing the total system built up of single quasipar-

ticles plus surface vibration can be written, in a rotating frame, as
_ L L ot .
A=Y Baja, +Y Bl + Y Y oy Xg Xg + ¥ B (45)
1 fi a q a

50



(@ (b)

Figure 4.1: Basic couplings between a quasiparticle and a surface mode which con-
tribute to the self-energy.

where H®

coupl 18 the quasiparticle-vibration coupling Hamiltonian with signature quan-

tum number «

Heup = prha (vib) ha D). (4.6)

The expressions of the vibration and quasiparticle Hamiltonian (both Hermitian op-

erators) for different signature are given by

he(vib) = 3 lgg(q)xgﬁ + h.c] ,
q
iAL;,O) (qp) = Z [ AJr + h. C] + i R?,B(/u/)gly
o v
/}\Lél)(qp) = Z, [RlA /w)ALV + h.c] + Z [RlB BT +h. c] (4.7)

(v

=

The main vertices of this quasiparticle-vibration coupling are depicted in Fig.(4.1)
At first glance one doesn’t notice any difference compared to the normal case (see
Fig.(3.1) except that these vertices are generated by different operators, that is Bt and
At in case (a) and (b) respectively that have different matrix elements. The former
one represents a scattering of two quasiparticles with creation of a surface mode
while the latter is the annihilation of a collective excitation with creation of a two
quasiparticle-like excitation. This means that we have to keep track of this difference
in our formulation and, for this reason, we will draw two distinct self-energy diagrams

representing this situation, as shown in Fig.(4.2)
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j
k K
j

@) (b)

Figure 4.2: The lowest second-order processes by which the quasiparticle motion is
renormalized by the coupling to the surface vibrational mode.

While the first diagram is completely equivalent to the normal case , the second one
contains the impossibility of a quasiparticle to propagate backward in time, as we have
explained in the introduction of this Chapter. In fact, the energy of the quasiparticle
labelled by £ in graph (b) of Fig.(4.2) is Ej while in the normal case it would be -¢
because, in that situation, k£ is a hole state, that is the propagation backward in time
of a particle. This will result in a different definition of the corresponding energy
denominator, that is £+ Ey +w, for a condensate system and € — &y +w, in a normal
case.

We have now to be more specific introducing the correct quantum number, that
is the signature a. As we have seen in Chapter 2 and, in particular, in Table (2.1),
the operator At can create a two quasiparticle-like excitation where the quasiparticle
involved has the same signature if the considered one-body operator has signature
negative while for signature positive operators the two quasiparticle have opposite a.
For the operator Bt the situation is opposite. This will introduce a further distinction
in the self-energy diagrams as one can check in Fig.(4.3) where at each vertex was
imposed conservation of the signature quantum number. In fact, for a particle of
signature o« = 1/2(r = —i) the intermediate state k in diagram (a) of Fig.(4.2) has
the same value of « if the surface mode has positive signature while it has opposite
signature when the collective mode has aw = 1 (graphs (a) and (c) of Fig.(4.3). The
situation is inverted when one considers diagram (b) of Fig.(4.2) where it is involved

the operator At. The conservation of « produces graphs (b) and (d) of Fig.(4.3).
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H(+1/2)

V(+1/2)

u(+1/72)

(@) (b)

a=1
vib H(+1/2)
H(+1/2) N
v(-1/2) qnf v(+1/2)
H(+1/2)
H(+1/2)

(©) (d)

Figure 4.3: Basic diagrams representing the self-energy of a quasiparticle state in
a rotating frame. A wavy line stands for a surface vibration. Graphs (a) and (b)
correspond to the case of vibrations with positive signature (o« = 0) while graphs (c)
and (d) are associated with vibrations with negative signature (o = 1).

4.3 Self-Energy at Finite Temperature

Taking into account the four possible diagrammatic contributions to the self-energy
in a rotating frame, one can generalize the corresponding expression of Matsubara

and write

(. ipn) =——Z 2 St (4.8)

qp A dwn,q,pp’

where the notation > (p,1p,) means self-energy correction of a quasiparticle

state pu with frequency ip,. The function § is defined as

* *
sy = {30l (W9 W R (wy [ 1 1
wipp’ ~ ipn — B, — 1w, Wy — WY dwn + W)

q

93



_\ ~o¥ _ - .

N Z XoRI (1) Q0" (a) Q% (a) RY ()XY 11
i, + Ey — iw, | twp — wy Wy + Wy |

x % _ -

N Z XpRP (1) Q) (a) 2 (a) R (1) Xy R
wp, — By —iw, |ty — Wy Wy, + Wy |
* _ -

N Z X R (1) QL (a) Qb () RY () Xy 11 .

i, + E, — iw, |iwp — Wy twp + Wy |

(4.9)

The index A indicates the possibility to have coupling with vibrational mode of dif-
ferent multipolarity, as quadrupole and octupole. The symbols 0 and 1 represent the
value of the signature quantum number «, namely positive for & = 0 and negative
for a = 1. Independently of its complexity, the self-energy in a rotating frame has
exactly the same structure as that of Eq.(3.12) so that one can write right away its

retarded expression, namely

2(175+i7l) _ 2{27;2,]/3(/11/) ll +n3(w2) —np(E,) n nB(wg) —l—nF(E,,)] N

- E+in—E, —wy E+in—E, + wy
4 27;0"4 5 -1+TLB((JJ3)—TLF(—E,7) nB(wg)-l—nF(—Ep)]

| E+in+ Ep — wy E+in+ Ep + wy
N ZTlB 1+ nBFw;) —np(Ep) N nB(w;) +np(Ep) N
| E+in— Ep —wy, E+in— Ep +w,
b T | A = e R | ley) (B
— P E+m+E, —w, E+in+ E, +w,
(4.10)
In the above expression, use was made of the definition
*
Tow (1) = X5 Ry (1) By () Xy (4.11)

to simplify the notation. The minus sign in the Fermi factor in the square parenthesis
appearing in the second and third line reflects the processes depicted in Fig.(4.3).
Using the property of the Fermi distribution, np(—2) = 1 —ng(z), one can write that

Y (Le+in) = ;{Z TP () ll + np(wg) — nr(Ey) N np(wy) +nr(E,)

ret E+in—E,—wy E+in—E, 4+
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[ne(W?) +np(Ey) 1+ npWl)+np(E;)]
+ 2 To (u?) 4 o+ — 22+
7 _E+'“7+Ez7—wq E+Z77+E,7-|—wq
-1+ 1 . Eﬂ 1 + Elj -
+ ZTllB(MD) nB.(wq) nF( )+nB(wq) nF( ) +
> | E+in—Ep —w, E+in— Ep + wg ]
n ZTLIL](,UV) -nB(u)'(ll)_FnF(Ey) +1+nB(w;)—nF(EV)_
— P |E+in+ E, —w, E+in+ E, +w,
(4.12)

As already pointed out, the RPA equations are too involved to be solved by finding
each individual root, and consequently Eq.(4.12) cannot be used directly. We have to
rewrite it using the same procedure given in Chapter 3, that is introducing the RPA
response given in Eq.(2.42), with the further complication of the multidimensionality
of this function. In the present case we cannot substitute directly the spectral rep-
resentation of the RPA response, as we did in Chapter 3, because the terms in Eq.
(4.9) contain only one of the numerator Q;}* (a) Q5 (q) entering in the definition given
in Eq. (2.42) and we can not consider the equality Q;}* (0) Q5 (a) = Q?(q)Q;},* (a)
because of the difference in the residual interaction when using p # p'. To be able
to use the method developed in Chapter 3, some algebraic manipulations have to be

carried out. For this reason we prefer to simplify the notation writing Eq.(4.9) as

. 1 L& gy ()9 W@ [ 1 1
> (kyipn) = =230 DY e |- T 2|
s 15} N gy a0l n — £y —iwy Wy —wg  lwp + Wy
(4.13)
where we have introduced the index v with the following convention
E,=+E, Qo (7) = pp],3 (uv) a=0
v =1 :
Ey==E ¢ =T,/ (w) a=1
E,=+E, 45y (7) = plj‘(/w) a=0
v o= 2
E,=-FE, @y (v) = Tt (uv) a=1
(4.14)
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This is exactly the expression of the self-energy in the Matsubara’s formalism

used in Chapter 3. To express this quantity in terms of the RPA response we add
*
97 (9)Q9 (9)

and subtract the term —~-—2-—, obtaining
ntwg

> (myip) =

qp

@) 9 (@)Q%(e) — Q%(a)QY (a)

1pn — By —iwy, wg + 1wy,

1
[
G) (9@ |, H@Y ()
] } we — Wy, Wy, + wg
| A

q
We can now use the definition of the spectral response function given in Eq.(4.15)

(4.15)

and the usual substitution ip, — E 4 i1 to obtain

Y(u, E+in) =

1
qp 5 Aiwn,pp’ o=

Py ¢ (7) Q" (¢)Q% () — Q2(a) Q% (a)
7 B +in—E, —iw, wg + iwy, ’
(4.16)

This is equivalent to the expression given in Eq.(3.58) with the exception of the extra
term (the second one on the right hand side of the above equation) due to the different
distinct residual interactions.

We can now apply the technique developed in Chapter 3 starting from Eq.(4.9)
following exactly the same steps. Due to the similarity of Eq.(4.9) and Eq.(3.12), we

do not repeat all calculations and use directly the result (3.53), that is

Z(I,E +in) = Z(u, E +in) +

qp ret
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S Q% (a)q2, (7)2w2
p pp 91 4 np(E+in— E.) — ne(E)].
ZZ <e+m &) — wg’ [1+np(E+in— E,) — np(E,)]

(4.17)

After inverting this equation to calculate the retarded self-energy as a function of

> p(1, E +in) and using the result (4.16) for this last quantity, we obtain

S E+in) = Y iix

ret App' a=0~=1
l Rpp (/Lwn)Q[O:p (fy)
B~ E+in—E,

* *
Z 4o (7) Q5 (0)Q5(a) — 25(a) Q5 ()
o in— By —iwy wy + Wy,

5" (a) Q5 (a)g5y (7)200“
i g (E+in— E,)*—

_|_

+

L1 +ng(E+in—E,) — nF(EV)]} :

q

(4.18)

The last term in this equation needs to be transformed in terms of the RPA response

function. In fact we can write

pe -y Q2" (a) Q5 (a) 2w

MOL IO NN MO0

wg—E—il+E, wi+E+in—E,

I
=[]

B WY |, XY () |
we—E—il+E, wi+E+in-FE,
(957 (@2 () ~ B (0]
wg + £ +1in— E,
S EAGLACERACDAC)
I wg + E+in— E,

q

I
=[]
_I_

_|_
R

op

(4.19)
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Inserting back this term in (4.18) and, after rearrangement of similar terms, we find

> (m.E+in) = ZZ

ret A,pp!
e Z an)q;‘p (7)
B B + i —E,
— qpp 1+ng(E+in—E ) np(Ey)] R, (E+in— E,) +
*
L1 Z o (7) Q" (2)Q%(a) — Q2(0) QY (a) N
i i — By —iw, wg + Wy,

- Zq,,p )1 +np(E+in— Ey) —np(E,)] x

lgz (025 (a) ~ 0y @)] } |

wg + E+in— E,
(4.20)

The first two terms of this expression coincide with the retarded self energy found
in Chapter 3 while the last two are due to the different residual interactions used to
describe different vibrational modes, such as - and ~- vibrations and the Nambu-
Goldstone modes. The other important difference is the sum over v and «, that is
now we are in presence of four different diagrams due to signature conservation. Using
particular integrals containing the RPA response function in the integrand, we can
evaluate the two extra terms. To avoid lengthly calculations, we prefer to give here
only the final result leaving the detailed derivation in Appendix C.

We need two different integral forms to solve our problem, that is

Roy (iw)
E 4 —
/+00 p R;}p,(iw)

—co Wy, — W

+0o0
I,(E+in) = /_oo dw

Jgp,(iwn) =
(4.21)

The important results that we obtain using these integrals (C.6,C.7,C.14,C.15) are

o8



(1 [t R, (iw
. —/ dw—"—"— ( ) E<0
3 % W) 2 Jmeo By =i
@ L=y 1 e RS (iw)

— —HF—— RS (E+1im) E>0
\271'/00 wE+z'7]—iw o (B 4 11)

( 1 +oo Ra’ 4
" —/ dprp& E >0
QW W |2l
E+in+w) a (; ,
q q 1 oo Rpp’(lw) :
— — - LR (E E <0
\271'/—00 wE+i77—iw+ oy (E+in) E<
*
e @ 1 1 ptoe R, (4
7 wg — W 2 T J- Wy, — W
*
@ a/ ]_ ]. too Ra’ )
ZM . —{Rﬁp,(iwn)+—/ dww}. (4.23)
g Wg T iwy 2 T J-x Wy, — W

The extra terms can be written then as

5 Q5 (0)Q5(a) — 25(a) Q5 (a)

= & [R, liwn) — RS )] +

p wg + iwy,
1 /+oo N RS, (iwn) — RS, (iw)]
271 J -0 iwy — iw ’

(4.24)

and

* * ) o 1
Z Q5 (0)Q5(a) — 25(a) Q5 () _ 1 /+oo dwR;},p(zw) - RS, (iw) N
7 wg + E +1in— E, 21 J-o E+m—E,—iw

0 E-E,>0

+ o . o .
+RG,(E +in— E,) — RS, (E +in — E,) E-E, <0
(4.25)

After substituting these expression in (4.20)(see appendix C for details), we obtain
that the retarded self-energy becomes
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d(p E+in) = oS s, (y) X

ret A pp' a=0~y=1

A (RS, (iwn) + R, (iwy)]
284" E+in—E, — iw,
N 1 1 1 /+0° dng,p(iw) — Ry, (iw) N
Bl E+in— E, —iw, 21 J-oo Wy, — W

Lt a4 = By) —nr(B)] i) = Ry (iw)
2m —o0 E+in—E, —iw
Re(E+in—E,) E—E, >0
1 E+in—E,) —np(E |
T Wns(E i = EB) =neE) | po (g 4in—E)  E—E, <0

(4.26)

We have to face another problem connected with the second term in the above
expression, because we have an integration contained in an infinite sum. It is not
difficult to simplify this term into a convenient form but we prefer to give here only

the final answer leaving all the algebraic steps to the Appendix C. The new form of

this term is

1 1 1t RY,(iw) — R, (iw)
GO (i _ 1 _/ dw=e'e pp =
pp (Zw) 6 % E + Z7] - Efy - Z(A)n 21 J - v an — 1w

o /+oo R (i) = Ry, (i)

il (74
2m

W E+i—F, —iw [np(E +in— E,) —np(iw)].

(4.27)

Inserting this result in (4.26) and summing up similar terms (see Appendix C for all

steps) we obtain the final expression for the retarded self-energy in a rotating frame

1 2

D E+in) = > 3> d4py(y) x

ret A ppl a=0y=1

X { : > [Rgp'(iw”)+Rg'ﬂ(iw")} +

25 E+in— B, —iw,
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1 /+°°d Ry, (iw) — RS, (iw)

— 1 w) — np(E
o1 Jeoo B +in - B, — iw [ (ie0) = me ()] +

Re, (E+in—E)  E—E, >0

- [1 + nB(E +un — Ev) - ”F(EW)]

This is a quite complicated expression that looks quite different corresponding to
the one in Chapter 3. However one can show that Eqs.(4.28) and (3.59) coincide in
the case of only one separable interaction where p = p' = 1, and, as a consequence,
R, (2) = Ry ,(2). In this situation the extra terms in Eq.(4.28) cancel out and it is
not necessary distinguish between £'— £, > 0 and £ — E, < 0, so that the expression

becomes

Y E+in) = 333 q%(y) x

ret a=0~y=1

1 R*(iwy,)

ﬁiwn E+wm—E, —iw,

— RYE+in—E)[1+ng(E+in—E,) —np(E,)].

(4.29)

This has the same structure of Eq.(3.59) of Chapter 3 except for the sum over 7,

that comes from the conservation of the signature quantum number.

4.4 Self-Energy at Zero Temperature

As explained in Chapter 3, the limiting case of zero temperature can be obtained
from the expression at finite temperature substituting the sum over frequencies with
a proper integration. Applying this rule to eq (4.28) and keeping into account the

properties of the boson factor (see appendix A) we can write

Y (Let+ain) = DD > dhy(7) %

ret A pp a=0~y=1
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+

11 /+ood [Rgp,(iw)-l—Rg‘,p(iw)]
—— w
221 J— E+in—E, —iw
1 [t RY (iw) — R2, (iw) 1

- duw—=r'p PP [1___ E ]

27r/_oo “Etin- B, —iw A

1 —np(E)Re(E+in—E,) E—E >0

—np(E,)RG,(E +in — E,) E—-FE, <0
(4.30)
Combining together the integrals, one obtains
1 2
D (Letin) = 3> > dpy(7) X
ret App' a=0~y=1
o (U B) ey Rl
2m —o0 E+in—E, —iw
n np(E,) /+°° do Rﬁ:,,(z'w) _
21 —o0 E+wm—E,—iw
[1 —np(E)] RS, (E+in— E,) E—-FE, >0
| —ne(B)RS,(E +in— E,) E—-E, <0
(4.31)

We have to remember now the convention on the 7 index because the result will
depend on the sign of E,, that is we have that for v = 2(4) E, — —E;(—E,).
This observation is very important because, in case of a condensate state at zero
temperature, the quasiparticle energies are, per definition, positive quantities so that

the Fermi factor behaves as

np(B,) =0,  np(—E,)=1. (4.32)

Introducing this result in the equation above we find that

D (Letin) =3 > > dpy (N (7), (4.33)

ret A pp a=0~y=1
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where, to simplify the notation, we have introduced the function I3, (7) defined as

~RS,(E+in—E,) E—E, >0,

I“()—1/+ood RS (zw) +
)= 50 | W E, 0 E-E, <0,

(4.34)
for v =1,3 and

(M) 0 E—E, >0,

Igf”(w:%/;ood E+Z E, .
R (E +in— E,) FE—-FE, <0,
(4.35)
for v = 2,4, keeping the same convention defined in (4.14). This is the final expression
of the retarded self-energy in terms of the RPA response.
We want to translate the former equation in the standard way using RPA solutions,
For this purpose, we observe that the integrals above were already used for the extra

terms problem (Appendix C Egs.C.6,C.7,C.14, C.15) so that we can write

“ iy Q" (a) Q5 (a) -
IPP’(,Y) - ;E'i_pllr]_Efpy_wg’ (f)/_ 173)

W Q3" (4) Q3 () _
IPPI(IY) - ;E+Z77—E7+wg (7_274)

(4.36)

The self-energy in terms of the vibrational energies, that is RPA solutions, can be

written as

Y(wE+in) = > Y X

ret App' a

X {ZX”ROB u)RyP (nv)x,

0¥

Q) (4)Qp(q)
X”E—f—m E, —wy

ok
0 pP0A* /N 15047 —\. 0 Qp ('J)Qp'(q)
R R; ,

+ ;Xp o (uP)R) (MV)X”E-l—in-i—Ep—kwg
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Q' ()91 ()
RlB RlB 1’ 14 14
* pr (v )X’JE+in—E——w,3

Q" (2)Q)(a) }

X”E-l—m-l—E + w}

+ ZXpRlA ) Ry () x,

(4.37)

In the limit of zero rotational frequency, we are in presence of degeneracy in signature

and in different component of separable interactions so that we can write

d (Le+in) =

ret

(]

;x

s

N4
*

< ) RE R

Q" (2)Q(a) } |

E+im+E, +uw,

+ xR () RA () x
(4.38)

an expression which coincides with the known self-energy for a condensate state at
zero temperature used for spherical nuclei [15, 14]. We want to show now that this
expression coincide, in the limit of zero pairing correlations, to the result of Chapter

3. From the diagrams of Fig.(4.4) , one can write

RB(/M/) — Fiy(u#u,, + ul,uﬂ)2

RYuv) — Fj,,(uuvyIliu,,vu)2

(4.39)
where u and v are the occupation factors defined as
u? = 1 ll &y T EF ]
7 212 E,
s 1|1 ey—cF
v — Sl )
7 212 E,
(4.40)
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Figure 4.4: Matrix elements of one-particle operator between quasiparticle states.
Graph (a) corresponds to the scattering while graph (b) is the creation of two quasi-
particles.

and E, = \/(5,, —er)?+ A% The + sign is related with the time-reversal prop-
erty of the operator F. The above expressions for the quasiparticle matrix elements
are consequence of the Bogoliubov transformation where a quasiparticle is a linear
combination of particle and hole.

At this point we can study the limit of no pairing correlations, that is A = 0.

Choosing, as an example, p as particle state, we get that

RE(uw) — F2u?

pv v

RYuv) — F202, (4.41)

12e7%

This means that, if v is a particle state , u2 =1, v> =0 and E, = ¢/, = ¢, — ¢F, 0

that the only surviving term is the one with matrix elements RZ(uv)

*

Snetin) = XX TR ()R S

. ’ b
= €+ — €, — Wy

(4.42)
while if v is an hole state, u? = 0, v2> = 1 and E, = —¢!, = — (g, —eF), the self-energy
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coincides with the R4 (uv) term, namely

*

: Q (¢)Q(a)
— RA* RA
Pnes) = SET 280
(4.43)
Combining these two results we get
, *
dwe+in) = 33 > xF(n)xQ (a)Q(a) X
sp N vog
x Lol o nel) . (4.44)
eEtin—eg,—w, €+in—e,+w,
This is exactly the same expression of Chapter 3(Eq.(3.60)) with
*
V(1,250 q) = xF*(1r)xQ () Q(a). (4.45)

66



Chapter 5

Broken Symmetries

5.1 Introduction

The exact many-body Hamiltonian H is invariant under a number of symmetry op-

erations that is, it commutes with the corresponding generator of symmetry P:

[H,P]=0. (5.1)

This property is very important because it allows us to look for wave functions that
are simultaneous eigenfunctions of H and P. In the general case of many-particles and
strong correlations, the proper treatment of symmetries is a serious problem because it
is a generally accepted procedure that correlations are treated by symmetry violating
mean field approach. The correlations we are interested in are of two kinds, long-range
correlations causing stable deformation (violation of rotational invariance due to the
possible choice of orientation) and short-range correlations which provide super-fluid
solutions (violation of particle number).

We have already seen in Chapter 1 that these correlations can be treated in HFB
theory, that is a mean field approach that violates angular momentum and particle
number conservation. In this approximation, the ground state of the system is referred
to as a state of broken symmetry and can be viewed as an intrinsic state which
defines a privileged orientation in three-dimensional and gauge space. Eliminating
the corresponding spurious state by taking into account the appropriate particle-

vibration coupling, one is led with a zero-energy mode orthogonal with all the others
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in the spectrum and which has zero matrix elements for all physical operators. The
rotational band displaying the moment of inertia associated with this w=0 state is

known, in analogy with relativistic field theory. as the Nambu-Goldstone mode.

5.2 Restoration of Broken Symmetries in RPA

The RPA theory, which goes beyond the static mean field approach, includes higher
order correlations and leads to a restoration of the symmetry in the harmonic ap-
proximation. We are not interested in all details (see [3, 2, 21]). What we want
to show here is how the presence of a Nambu-Goldstone mode influences the RPA
response function when the restoration of the symmetry is carried out within this
approximation.

We start with the Hamiltonian H , invariant under a continuous symmetry op-
eration generated by a Hermitian one-body operator P. We assume that the HFB
solution violates this symmetry, namely [ILI\HFB, ]3] # 0. We note an essential property
of the RPA, that is conservation laws possessed by the original Hamiltonian are pre-
served. We know that any one-body operator can be written, in RPA approximation,

as

P =3"[P(v,6)Al; + P*(7,6) A (5.2)
7,0
The commutator relation in RPA becomes

[H, Plrpa = 26 ((OI[ A5, [H, P]J0)AT; + (O[[[H, P|, AT;)0)A,5) . (5.3)
s
from which one can check that if [f:f\, ]3] = 0 then [f—I\, ﬁ]RPA =0.

The relation above means that P is an exact but spurious solution of the RPA
equation with zero energy as eigenvalue. We use the word spurious to indicate RPA
solutions corresponding to a broken symmetry in the HFB state. From the properties
of the RPA solutions one can check that the spurious solutions are completely orthog-

onal to the other(physical )excitations, where physical means intrinsic excitations of

the system as, for example, - and ~- vibrations.
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In what follows we want to analyze the behaviour of the constant of motions of
our system in the case where the generator P coincides with the particle number ]/\77,
(1 = n,p) or with the angular momentum J. The corresponding conservation laws

are lead to
[H,N,] =0, (5.4)

[H,J] = 0. (5.5)

In the case under discussion, the Hamiltonian is defined as

H' =H — AN — wyoi )y, (5.6)

so that the conservations laws connected with the existence of zero-frequency solutions

should satisfy the following relations

[H',N,] =0, (5.7)

[H',J,] = 0. (5.8)

[H', J, — iJ.] = wet(J, — i.].) (5.9)
[H', J, + iJ.] = —weet(J, + i) (5.10)

For convenience we define the operators Jy = jy +4.J,. As we have seen in Chapter 2,
it is convenient to work with good signature operators so that the RPA Hamiltonian
is actually divided in two parts, a positive and negative subspace. Looking at the
Table (2.1), we see that the number operators N, and J, lie in the positive sector

while J, are negative signature operators.
5.3 Nambu-Goldstone Modes in the Positive Sig-
nature Sector

As we have seen above we are in presence of three different zero solutions correspond-
ing to spurious states violating number conservation (proton and neutron separately)

and rotational invariance(x-component of the angular momentum).
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Using a standard procedure (see [21, 3]) one can define the canonical conjugate

operators of .J, and ]/\77, namely

[Ny, én] = —i (5.12)
[Nz, ¢z] = —i. (5.13)

Generally speaking, one can express the creation operator of normal modes in

terms of canonically conjugate variables P and () in the form

1
V2wl

where the quantity Z is the moment of inertia and [P, Q] = —i. With w — 0, the

X =

(P +iwIQ), (5.14)

contribution of the mode (5.14) to the response function (see Eq.(2.42)) is given by

Rip=

?

(5.15)

where A and B correspond to the distinct residual interaction taking into account.

l {[A;P]RPA[p; B]RPA n [A;Q]RPA[p; B]RPA + [A;p]RPA[Q;B]RPA
T w? w

From equation above one can see that this term is quadratically divergent when
w — 0. This divergence cancels out only when [zzl, P Jrea = 0 exactly.

Applying this result to our three Nambu-Goldstone modes, we see that P corre-
sponds, respectively to fx and ]/\77. This means that the corresponding three spurious
states will give divergent contributions to the response function (2.42) for all the

operators A that do not commute with them, that is for operators A(B) such that

[A, Ju]wpa # 0 (5.16)
[A, N, ]rpa # 0. (5.17)

From Table (2.1), one can see that the operators P,_ do not commute with particle
number operator while @81 does not commute with angular momentum operator.

This is because
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[ﬁrf;ﬁT]RPA = —QZPT(ME)NT(ME), (518)
[@31, ja:]RPA = -2 Zle(uﬂ)Jw(uD). (5.19)

This means that the following response functions will contain divergent contributions

due to the Nambu-Goldstone modes, that is

R%pw) A=B=P,, (5.20)
Rpw) A=B=@QY. (5.21)

5.4 Nambu-Goldstone Modes in the Negative Sig-
nature Sector

The operators J. lie in the negative signature sector and , as seen above, they do not

give zero excitation energy. However, defining new operators as

-~ ~ ~ ~

po Bt e = (), (5.22)
2](] 210
we can write
[ﬁ, fT] _ wroth. (5.23)

This means that ' creates a normal mode with frequency wyo;. This excitation is a
spurious mode induced by the Coriolis term —wrotjw. In fact T'T re-orients the angular
momentum from its alignment along the x-axis (cf. ref.[21]) in keeping with the fact

that

00— I —(J,), (5.24)

where [ is the total angular momentum operator. Only when w,,; = 0 one can infer
that jx :I:ifz corresponds to a zero frequency mode. As in the positive signature case,

the operator that does not commute with T'f is Q%l because
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[Q%l: jy - ij] = _2 Z Q%l (MV)JZ!(:L”/): (525)

so that the R ;(w) response with A:B:Q%1 will present a divergent contribution in

the zero energy region.
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Chapter 6

Removal of Nambu-Goldstone
Modes

6.1 Introduction

As we have seen in Chapter 5, the Nambu-Goldstone modes contribute to the RPA
response function producing giant bumps at w = 0 and, moreover, by mixing with
the physical modes at w ~ 0. Therefore, it is necessary to find a proper procedure
for the removal of their contributions. A method was proposed some years ago [22]
based on the introduction of an effective Hamiltonian defined in terms of canonically
conjugate operators associated with the generators of the Nambu-Goldstone modes.
The basic idea of this technique is to shift the energy of the spurious states towards
a region of non physical interest for the RPA response. However, we have decided to
develop an alternative method based simply on the RPA response function in such a
way that it has a very general applicability because it is not subject to the choice of

effective operators.

6.2 General Method

The underlying idea of the method we propose is based on the Cauchy’s integral
formula, that is the integration of an analytic function on a closed contour where the
function is bounded. The problem of evaluating contour integrals can be replaced by

the algebraic computation of residues at singular points, that is
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1
3 ]{jdzf(z) — ;Resi, (6.1)

where the integration path C is chosen in such a way that all poles of the function
f(#) lie inside the contour of integration and the notation Res; means the residue
of the function f(z) corresponding to the pole i. Our method follows the inverse
strategy, namely we start with a function f(z) for which we do not know the poles
and, as a consequence, the corresponding residues so that we are forced to evaluate

the contour integral numerically that is

% ]{Cdzf(z) — ZResi. (6.2)

In what follows we assume that f(z) is an analytic function with real poles(see
fig.(6.1)). Our problem is to evaluate one of the poles (marked with # in the Fig.(6.1)
and labelled with the letter a ) and its residue without knowing the value of the pole
itself. To achieve this goal, one can apply the Cauchy’s theorem twice using two

different contours which, respectively, include or not the pole a.

Imag z Imag z

@ (b)

Figure 6.1: Real poles of a generic function f(z). The contour encircles the unknown
pole a (b) The contour does not encircle the pole a

We start by explaining our method taking into account the path C;+ L; that includes
the pole a (see Fig.(6.1(a)). The result of the integration on this path is
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1
— .%CI'FLI dzf(z) = ; Res,,_ (6.3)

271
where p, means sum over positive poles encircled by the path. We consider now a
second path, indicated by Cy + Lo (see fig.6.1(b)), that excludes the pole a. Cauchy’s

theorem gives

1

— d = — a A4
5.7 7{024-@ z2f(2) 1024;113(2z91[,Jr Res (6.4)

Subtracting the result of these integrations, one obtain

1 1
Ia =R a — - ]{ d - — ‘% d . 6.5
cs 211 Joy 41, #f(2) 271 J o+ Ls 2f(2) (6:5)

This last expression allows us to evaluate the residue of the singularity a without
knowing its value. The idea is to find an equivalent expression that can be used to
calculate the pole itself. This can be done using, as integrand function, f(z)/z, that
has exactly the same singularity of f(z) plus the additional z=0 pole. Due to the fact
that our paths do not pass through zero, f(z) and f(z)/z have the same singularities.
Using this consideration, we do contour integration for the latter function using again

the paths Cy + L; and Cy + Ly, namely

1
_% dzf(z) _ Z Resp, (6.6)
2mi Joi+1, z e D+
while
gl g e Hes (6.7)
211 JCo+ Ly z e P+ a

Subtracting the two contour integrations, one can write

a 271 z 211 z

~ Res, 1 f(z) 1 f(z)
J, = fmh 4z fcﬁh d1) (6.8)

At this point we can combine the two results of Eqgs.(6.5,6.8) writing

a=—. (6.9)



This last equation expresses the basis of our method. As can be seen from the right
hand side of Eqgs.(6.5,6.8), we have to consider contour integrations that cannot be
handled numerically, so that we need to transform them into integrals over a real
variable. For this purpose we divide the generic contour integration CH4L in two
different paths, the vertical straight line L which position on the real axis is indicated

by b and the arc C (see Fig.(6.2)),

1 1 1
s b 1) = 5o d i)+ 5= (o)

1 f) 4 g fle) 1 g f(2)
%7&#’87 - QWi%cdz p +2m%LdZ z

(6.10)

Imag z=iw
B
OA=Db
0 _
0 A OB=R
Real z=w BD=L
L BD=C
—5 C

Figure 6.2: Definition of the contour C+L in terms of real variable

It is convenient to change variable in both of the above integrals and, in particular,
we define z = Re' with limp_, for the arc-integration C and z = 7w + b for the line
path L. In fact, any point on this line is a complex number with fixed real coordinate

b and variable imaginary vertical coordinate iw. After these substitution we get
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L f dzf(z) = lim — / déiRe™ f(R®) — lim —— / " d(iw) (i + ).
C+L

27 R—o0 2711 R—oo 211 JD
1 i 1 B ;
— ¢ PRACI R, —/ doiRe wf Re ) i — [ (i) L0
211 Jo+L z R—o0 2711 R—o0 271 JD iw—+b
(6.11)

where the minus signs in front of the vertical straight integrals come from the direction
of the paths (see arrow in Fig.(6.2)) and the integration limits B and D are defined
in Fig.(6.2). Actually, this finite integration becomes an infinite integral due to the
limg_,o so that B can be substituted with +oc and D with -oo.

The arc-integration has a different behaviour depending on the integrand function
but, as we will demonstrate below, its contribution can be neglected. This is simple
to show when the integrand function is f(z)/z where f(z) goes to infinity like 1/2"

with n > 1, because

id i® 0
1 i f(1e'?) N / iRe 1 l/ s
1%1_1)130 21 / dike Re? 2ri R—>oo ¢R2€2i¢ o 1%1—1?;0 R dpe™™ =
= L ging tim < =0 (6.12)
= g-sind lim 3 ) )

When the integrand function is f(z), the situation is more involved because the arc-
integration is different from zero. However, Eq.(6.5) tells us that we have to subtract
two integrals o= ¢, dzf(2) — 7 ¢, dzf(z) and , as we will show below, this difference
cancels out. For this purpose we have to take into account the definition of the angle

6 (see Fig.(6.2), that is

AB ™
= —. 1
6 = arctan (OA) 5 (6.13)

where the last relation comes from the fact that R — oo. In fact, in this limit
AB — oo too while OA keeps a finite positive value b. As a consequence, the
argument of the arctan is infinite and positive, a result which is independent on the
choice of C; or C5. This means that the two integrals give the same result and their

difference is zero, namely
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1 01 ) ) 1 02 ) )
. . 1“15 Z¢ o . . Z¢ 1“15
}%1_1}010 i)y dgiRe' f(Re'?) I%l_r)rgo il dgiRe' f(Re'?)
) 1 /2 ] . . 1 /2 ] . .
~ limp e —— / diRe™ f(Re') — / diRe™ f(Rei®) = 0. (6.14)
2wt J—x/2 2w J—x/2

Combining these last results we can write down the building blocks of our method,

that is

1 [too . .
I, = Resa:%ﬁw dw [ f(iw + by) — f(iw + b1)],

g, = Res, _i/ﬂodw [f(z'w-l—bg) B fiw 4 by)

a 21 J-wo 1w+ by w ~+ by
(6.15)
We summarise all steps of our technique in the following table
step 1 — evaluate I,
step 2 — evaluate J,,
1,
step 3 — evaluate a= ja (6.16)

a
As one can see from Eq.(6.15) and Fig. (6.1), the success of the method is based on
the proper choice of the b value, that is connected with the position of the pole itself.
This is not a difficult task in our calculations because the Nambu-Goldstone modes
(our unknown poles) are completely isolated from the physical RPA solutions and lie
very close to zero. We will show below in the case of *¥Yb how it is possible to fix

the value of b with good accuracy.

6.3 Sum Rules in Integral Form

Before applying the technique (6.16) to the physical problem of removal of Nambu-

Goldstone mode, we want to show that the contour integration is an alternative
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method to calculate sum rules, which are useful yardsticks for measuring quantita-
tively the degree of collectiveness of a given excited state [1, 3, 4, 2].
Let us assume that F is a generic one-body Hermitian operator. We define as sum

rule the quantity

S = (B, — Eo)*|(v|E|0)2 (6.17)

14

which represents the kth moment of the distribution of the excitation strength
|(v|F|0)]2 produced by the operator F' and where v indicates an excited state with
energy F,. The expression above is straightforward but to evaluate it one needs to
have a detailed knowledge of each of the excited states v. This requirement can be
circumvented using the RPA response function and contour integration.

The following description is based on the spectral representation of the linear
response given in (2.42) which has the advantage of displaying explicitly the corre-
sponding analytic properties, namely poles at +wg with residues —Q* (¢)Q(q) and
Q(q) Q*(q) respectively. The poles are in number of q. At this point we can apply
the Cauchy’s integral using R, (2) a first time and R, (2)/z in the second case, that

18

1 *
_ dzR&, _ a o
i b R0 = ~E @)
a ok a
—1 - 7{ dzm - _ Z Qp ('aI)pr(q)7
271 JO1+ Ly z 7 w;}

(6.18)

where the contour of integration C+ L, should contain all the positive RPA solutions.

Comparing these results with Eq.(6.17) we see that the first integration gives us
the £ = 0 moment, called, the non energy weighted sum rule (NEWSR), corresponding
to the sum of all transition matrix elements between excited states and ground state,
while the second one is the inverse energy weighted sum rule (IEWSR) corresponding

to k = —1. This latter one is the sum of the ratio of transition matrix elements and
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related excitation energy. To apply numerically this method one has to transform the
above contour integrations on a real variable integration. As an example we give the

result for the IEWSR, namely

AOLAIONE: [ an Rt ), (6.19)

; wa - % —00 1w + b1
where b; is chosen in such a way that all the positive real RPA solutions are encircled

by the chosen path, that is 0 < b < wg* wherewg® is the lowest RPA root.

6.4 Rotating Frame

As already explained in Chapter 5, in a rotating frame we are dealing with the
problem of removal of Nambu-Goldstone mode from the RPA response function. In
particular we have four different spurious states, two in the positive signature sector
related to particle number conservation ( neutron and proton case separately) and
two connected with angular momentum conservation, J, in the positive part and J.
in the negative sector of the RPA response. For this reason, we prefer to show how

to remove the spurious states separately, starting from the negative signature case.

6.4.1 Negative Signature Sector

We are now dealing with only one Nambu-Goldstone mode so that the RPA response

function can be written as

W) =R, (w) + RV (), (6.20)

ToT
o’

R
where R},p, (w) corresponds to physical excitations, as defined in Eq.(2.42), while
R[l,p, (w) is the contribution of the Nambu-Goldstone mode. In the usual spectral
representation, this term can be written as

NG, . A,(Nne)  B,,(NG)

Ry (W) =—5 + o

, (6.21)
Wng — W Wne tw

where
AL (NG) = QL (a) QY (a),
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B!, (ne) = Q(a) Q) (a),
(6.22)

are the transition matrix elements of the Nambu-Goldstone mode , that is q = NG
on the right hand side of the last equations. We have introduced this notation to
simplify as much as possible the formulae.

We now apply the method given in Eq.(6.16) using R},Z:OT(Z) instead of f(z),

that is we consider the following contour integrations

TOT
1 TOT 1 R,y (2)

=4 dRY d —f dzot " 6.23

27 7€‘+L Ry () a 2mi Jo+L ? z (6.23)

taking into account that the unknown pole is the energy of the Nambu-Goldstone

mode wyg with residue —A}  (N6)(— AL, (NG) /wig) for the function RS, (2)(R4, (2)/2).

Following step 1 and step 2 of (6.16) we obtain

1 TOT 1 TOT
Il,{VG - _All G :—‘% del _—‘% del ,
rp PP (N ) 271—7/ Cv1+Lq i PP (Z) 271—7/ Co+Lo i PP (Z)
TOT TOT
Jl,{VG _ _A;p/(NG) _ L‘% dZR;p’ (Z) _ L‘% dZRzp/ (Z)
e WG 2mi Joi 41, z 271 JCot Lo z
(6.24)
In real integration variable these relations become
+oo oT , . oT , .
LY = —A,(NG) = [m dw [R},Z: T (iw + by) — R},Z: T iw + bl)} :
TOT,. TOT,.
JLNG _A;p/(NG) - /+oo duw R;pl (ZW + b2) _ R;p/ (ZW —+ bl)
pr OJ;&,-)G —0 w + bQ 1w ~+ b1 ’
(6.25)

where 0 < b < wie < be. At this point we can evaluate the energy of the Nambu-

Goldstone mode using step 3 of Eq.(6.16), namely
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1,N
HNG

wie = JquG, (6.26)

pr’

From the knowledge of A} ,(NG) we can evaluate B, ,(NG) because they are simply
their complex conjugate (see Eq.(6.22)) and, together with wie we can calculate
the Nambu-Goldstone response using (6.21). The linear response of the physical
solutions is obtained subtracting this contribution from the total one (see (6.20). We
have only to remember the multidimensional character of our RPA response function
(see Chapter 2) so that we have to repeat this procedure several times running over
the index p and p'.

We want now to show that the above contour integrations correspond to retain-
ing only the Nambu-Goldstone part of the response as integrand function. In fact,

introducing Eq.(6.20) in the Cauchy’s integrals, we obtain

1 1
1 _ 1 1
App’(NG) = 2—7” ‘%02—1—[/2 dZRpp/(Z) — 2—7'(@ ‘%CI—FLI dZRpp/(Z) +
1 NG 1 NG
- dzRLY — —7{ dzRY,
* 9m %02+L2 Ry &) =35 f s, R (2):
(6.27)
for the first type and
A,l,p,(NG) _ L% dZR},p,(z) _L% dzR’l’p/(Z) N
wﬁ\l,)G 211 JCy+ Ly z 2w Joi+ 1, z
NG NG
L% dZR}Jp, (2) _Lj{ dZR}Jp, (z)
271 JCot Lo z 2wy Joy+14 z
(6.28)

for the second one. The integrals containing R}, (2)(R,,(2)/z) give the same result
independently on the paths C; + Ly and C5 4+ Ly because the number of poles is the
same in both contours. The integrals containing the Nambu-Goldstone part behave
in a different way because the chosen paths may contain(C; + L) or not(Cy + Ls)
the Nambu-Goldstone modes. In particular, the path Cy + Ly does not contain the
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Nambu-Goldstone mode so that the corresponding contour integrals are zero. We can

finally write that

1 NG
1 _ 1
Al (NG) = —Eggﬁ;+hdsz, (2),
NG
Al (NG) _ _L% dzR}'p’ (z)
WE&J)G 277'2 Ci1+L; z

(6.29)

This is not a surprising result if one remembers the analytic character of the response
function. In the particular case of the Nambu-Goldstone response this function has
only one pole wi that lies inside the path C; + L; so that the above result expresses
simply the Cauchy’s integral theorem applied directly to the spurious state response.
The main problem is that, at the RPA level, we do not know this function but only
the total one given in Eq.(6.20).

6.4.2 Positive Signature Sector

This case is numerically more involved because we have, as explained at the beginning
of the section, three different Nambu-Goldstone modes. The complication will result
only in a increased number of proper contour integrations, that is we have to find
four different contours chosen in such a way that, moving the vertical straight line
from left to right at each path, we loose one of the Nambu-Goldstone mode. To be
precise we take the first path C; + L; including all poles, the second one is Cy + Lo
that does not contain the first singularity, C; + L3 excludes the second spurious state

and, finally Cy 4+ L4 contains only the real physical solutions (see fig.(6.4.2).

The total response function in this case can be written now has

TOT NG,j
Roy (W) =Ry (@) + 3Ry, (w), (6.30)
J

with

83



Imag z

123

Real z

L3 L,/ Cyq

Figure 6.3: The four different contour integrations for the positive signature sector
Nambu-Goldstone modes. The symbol # is used for the spurious states and X for
the physical solutions

- Ag;f} (NG) Bg;j (NG)

TONG
o0’ (W) = —o5 — ©0
WNG w WNG w

(6.31)

The index j runs over the three Nambu-Goldstone modes corresponding to breaking
of gauge-symmtery (neutron and proton case) and rotational invariance. At this
point we follow exactly the same method of Eq.(6.16), applied already in the negative
signature sector, to look for the three energies corresponding to the spurious states,

wie, 7=1,2,3, where we choose, for convenience, wya < wive < Wve. In this way

wiNe is packed between the two straight lines L; and Ly, wiwe is inside Ly and Lz and
so on. Before going on, we would like to comment on the above notation, that is the
meaning of the the index j=1,2,3. This label simply enumerates our spurious states
without identifying them, that is we do not know to which Nambu-Goldstone mode

corresponds, for example, the index j=1. We only know that they are real, positive
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and very close to zero. Using the four distinct paths, we can write that

1 TOT 1 TOT
0,1 _ 0 0
Ay} (ne) = 750 AR () - 5 750 L, ERTG),
402 1 J-RITOT 1 J-RITOT
pp’(NG) = 2—7” ‘7{03—'{13 y4 op' (Z) — 2—7” ‘7{02—'{12 z op' (Z),
403 1 J-RITOT 1 J-RITOT
pp’(NG) = 2—7” ‘7{04—'—114 y4 op' (Z) — 2—7” ‘7{03—'{13 z op' (Z),
(6.32)
for the transition matrix elements (that is the residues)and
0,1 TOT TOT
A,y (NG) _ Lj{ dzR?”" (2) Lj{ dzR?”" (2)
WG 271 Jeo+ L, z 2wt Jor 41, z ’
0,2 oTOT o TOT
A, (NG) _ L]{ dszp' (2) L]{ dszp' (2)
W 271 JCst 1 z 271 JCot L z ’
0,3 TOT TOT
App/(NG) . 1 Rgp’ (Z) 1 Rgp’ (Z)
0,3 - 5 dz — — 5 dz—H——,
wie 211 JCy+ Ly z 211 JCs+ Ly z
(6.33)

for the ratio of the transition matrix elements and energies (namely the contribution
of the different Nambu Goldstone mode to the IEWSR sum rule). Even in this case

we need to translate all the contour integrations in real integrals as

1 oo [ oTOT TOT ]
0,1 _ 0 . 0 .
Ah(ne) = o /_ e [RO,7 (i 4 by) = Ry, (10 + b))
0.2 1 e d [ oTOT , . b oTOT , . b ]
Ay (Ne) = %/_oo w _Rpp, (iw+b2) =R,  (iw+ 3)_ ,
0,3 1 e T yTOT o TOT . T
Aive) = o [ dw Ry (i + ) = R (w0 + by)|
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50TOT . oTOT . 1

Ag;}/ (NG) _ i /+oo " Rpp, (iw + by) B 'Rpp, (iw + bg)
w}%g 21 J 1w+ by 1w+ by ’
r TOT ,. TOT ,. 7
Ap(ve) 1 /+oo o | R (w0 +bs) R, (iw+by)
Ne 21 J o0 iw + by iw + b ’
Ap(ve) 1 [~ (R (1w +by) R (iw+ b))
WS 21 J o iw + b3 iw ~+ by ’

(6.34)

where 0 < b < wive < by < wiye < by < wie < by. As done before in the negative

signature part, these integrals can be transformed in the Cauchy’s integrals corre-
sponding only to the Nambu- Goldstone part of the response function (see Appendix
B).

6.5 Illustration

We are going to show how to apply the above mentioned method to a realistic case,
that is the study of the broken symmetries in a deformed superfluid nucleus as '%8Yb
where the deformation breaks the rotational invariance while the pairing wave func-
tion describes a non-conserving number state. We start showing the RPA response
function in Fig.(6.4) for the components of the quadrupole operator describing the
collective vibrations of a deformed nucleus, that is S- and ~- vibrations. The for-
mer one corresponds to an oscillation of the surface along the symmetry axis, that
is an oscillation of the deformation parameter preserving cylindrical symmetry, while
the latter describes the transverse vibrational motion of the surface to the symmetry
axis. In this last case we have violation of the cylindrical symmetry. This means
that the quantum numbers for these modes are K = 0 for the 8- and K = £2 for
~v- vibration,respectively. The components K = +1 correspond to a rotation around
the symmetry axis leaving the intrinsic structure of the system unchanged. For this

reason the - and ~- vibration are called intrinsic states upon which rotational bands
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can be built. If the intrinsic state has spin different from zero, the rotational band

built on that state will have the sequence of spin I, 1+ 1,1+ 2,---.

3
x10
8
— Q,,~response
—— Q,,—response
36 i) ——— Q,,~response
<

4
0

RPA Response Function(b

Energy(MeV)

Figure 6.4: Quadrupole RPA response function for *Yb at w,; = 0 MeV with
averaging parameter n =1 MeV. b3 = h/Mw, with hwe=41.0A"1/3 MeV.

The low-lying peak in @21 represents the spurious contribution to the linear response
function of the Nambu-Goldstone mode. One can be tempted to subtract its contri-
bution fitting the RPA response function in the low-lying region. This can be very
wrong because the tail of the Nambu-Goldstone contribution can contain physical
solutions. One can understand this looking at the Fig.(6.5) where the @21 response

is plotted for different values of the average parameters 7.

Already at n = 0.5 MeV (case (b) of Fig.(6.5)) one is able to resolve one of the
physical solutions in the low-lying region that it was completely hidden in case (a) of
the same figure where n=1 MeV. Moreover the position of the peak moves towards

zero with an increasing divergent value of the response function. This is connected
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Figure 6.5: RPA response function at w,; = 0 MeV as a function of the average
parameter 7. Graph (a) corresponds to =1 MeV, in (b) n=0.5 MeV was used while
for case (c¢) and (d) 7 is 0.1 MeV and 0.01 MeV, respectively. See Caption of Fig.(6.4)
for units definition.

with the fact that the transition matrix element between ground and excited states
of the zero-energy solution has an infinite value. The situation becomes much more
complicated decreasing furthermore the value of 7 (see case (d)) where an increased
number of physical solutions are now visible in the low-energy region. This means that
one should be aware to subtract or move toward higher energy region the Nambu-
Goldstone response contribution without been completely sure that RPA solutions
are not contained in it. First of all one has to localize with good precision the posi-
tion of the spurious state and, as we have seen above, this depends on the averaging
parameter chosen. Omne can plot the response function using a zero value for 7 be-
cause, in this limit, the RPA solutions and the Nambu-Goldstone energy are not
n—depending. Moreover, due to the fact that each RPA solution is a pole for the

RPA response function (see spectral representation given in Eq.(2)), one will have a
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divergent singularity in the RPA response plot in correspondence of a pole. This is
shown in Fig.(6.6), where we draw a small region around zero of the RPA response
functions corresponding to rotational and gauge broken symmetries. The energy step

used to evaluate these functions was 1 eV.
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Figure 6.6: RPA response functions at wy,; = 0 MeV with = 0 MeV corresponding to
rotational and gauge broken symmetries. See Caption of Fig.(6.4) for units definition.

We see from the Fig.(6.6) that, below 6 keV, there are three singularities well recog-
nisable but it is not possible to extract graphically the exact value of their energy. We
can only identify with absolute certainty the energy intervals in which they lie. For
example, the Nambu-Goldstone mode associated with rotational broken symmetry is
inside the interval (0 — 1.3) keV while the neutron- and proton-gauge invariance are
in the regions (4 — 5) keV and (1.3 — 2) keV respectively. This is enough to apply
our method because these three different intervals allow us to choose the parameters
b’s used in the integration procedure, see Eqs.(6.34). As one can see, we have infi-
nite possibilities for the choices of the b’s values because any number contained, for
example, in the interval (0 — 1.3) keV can be selected to evaluate the first Nambu-
Goldstone mode while we can pick up any value from (4 — 5) keV for the second one

and so on. The result does not depend on which specific value of b one decides to
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use but, of course, on the interval in which is chosen because, as explained above, the
b’s values define the paths of integration. After evaluating the energies and matrix
elements corresponding to the Nambu-Goldstone modes, one can subtract the RPA

contribution to obtain the physical one. We give the result of this subtraction in

Fig.(6.7).

x10° x10° x10°
10 20 8 . ;
—— With Spurious State — With Spurious State With Spurious State

- J— Without Spurious State _ «-- Without Spurious State ,33 ~-—-+ Without Spurious State

3 8 3

ey ey
vB:: ?f?j 15 ﬂ Q} 6

= lGSYb =2 R 168 b =

S 6 70" ~o8 5 R 70Y Dgg &

B B i B

= £=0.262 s /| 0262 s 4

5 . 2] ;

5 (*)rot:O MeV g‘ i w =0MeV c

o] o] R ‘ rot % 5

— 547 %

g, N=0.5MeV g°| % n=05Mev g

& < | a

T, LN LI I

0 2 4 6 8 10 0 2 4 6 8 10 0 5 10 15
Energy(MeV) Energy(MeV) Energy(MeV)

Figure 6.7: Removal of the Nambu-Goldstone modes from the RPA response function
corresponding to broken neutron- and proton-gauge invariance (left and middle side,
respectively), and rotational symmetry (right side). See Caption of Fig.(6.4) for units
definition.

As one can notice in the proton case (middle case of the Fig.(6.7), the low-energy
region still presents a quite consistent contribution to the RPA response function
nevertheless we have performed the removal of the Nambu-Goldstone mode. This is
due to the fact the some physical solutions of the RPA equations are concentrated
in that region and cannot be removed from it. We shall now analyze the nature of
these RPA roots contributing to the proton response function. For this purpose we
compare the proton RPA response function after subtraction of the spurious state in
the range (0—5) MeV using = 0.5 MeV (as in the middle graph of Fig.(6.7) and the
f- and ~- responses evaluated using a very small value of the averaging parameter,
that is n = 0.001 keV. The reason for this choice is that we can resolve graphically
the RPA solutions and notice (see Fig.(6.8)) that the peak is nothing more that the
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contribution of the 8- and 7-vibration to the proton response.
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Figure 6.8: Nature of the low-lying region of the proton response function after re-
moval of the Nambu-Goldstone modes. The RPA solutions greater that 3 MeV are
not drawn for convenience to have a neat picture. See Caption of Fig.(6.4) for units
definition.
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Chapter 7

Imaginary Nambu-Goldstone
Modes

7.1 Introduction

The scenario that we usually encounter in the treatment of the Nambu Goldstone
modes is the one that we have depicted in the last Chapter, that is the spurious states
corresponding to the restoration of the broken symmetries in the RPA framework are
real and very close to zero. This is possible when w,,; = 0 because we can choose the
value of the coupling strengths x7, (see Chapter 2) to reproduce this situation, that
is we can fix them to have good agreement with the experimental values of the (-
and - vibrations and to push the energies of the Nambu-Goldstone modes at zero
energy. These coupling strengths are kept constant as a function of rotation so that
when our system starts to rotate we don’t have anymore control on the value of the
Nambu Goldstone energies. This means that these modes not only can mix with
the physical solutions, but they can become complex (because the RPA equations
can have in general complex solutions). While the former case can be solved using
the same method developed in Chapter 6 keeping more attention to the choice of
the integration paths, the latter case needs a separate treatment that involves again

contour integration.
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7.2 Imaginary poles

As we have done before, we start with a generic function f(z) with two different kind

of poles, real and purely imaginary (Fig.(7.1)).

Real z Real z

Imag z

@} ReT

XXX XXX XXX

Real z

(©

Figure 7.1: Imaginary poles of a generic function f.(a) The contour encircles the
unknown pole a (b) The contour does not encircle the pole a (¢) Difference between
path a and b

Using Cauchy’s theorem we can write

1

! Resi,. 7.1
271 ]{CH'LN"’L—N-I—LM zf(z) = Y _ Res;, (7.1)

it

where ¢, means positive imaginary poles contained in the contour path C} 4+ L,; +
L_y1 + Ly (see Fig.(7.1)). If one wants to evaluate the pole marked with a needs
to proceed exactly in the same way of Chapter 6 but choosing paths on the upper

half part of the complex plane. Choosing a second path that does not contain the

imaginary pole, we can write, analogously to the real case, that

1
I, = Res,=—

]{ 1
270 JC14+Ly1+L_yi4Li

271 ]{cvz+Lv2+L_vz+Lh2

dzf(z) - dzf(z),
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Res, 1 dzf(z) 1 dzf(z)

Jo = = ~ f — —f
a 211 JC1+Ly1+L_p14Lpy zZ 2% JCoy+Lys+L_y2+Lpy zZ

(7.2)

In this particular case, all the calculations can be greatly simplified if we move only
the horizontal lines when choosing the contour paths. This implies that the two arcs
C; and (5 actually coincide and the difference between the contours transforms in a

rectangular contour integration encircling the pole( see Fig.(7.2)).

Imag z=iw
A: (-b,c)
C B: E+E,Cl;
it C: (+b,c
]B D: (-b,c)
Real z=w

Figure 7.2: Contour integration for an imaginary pole in terms of real variable

Using the notation of this figure, we can write the final result in terms of real

variable integrals, that is

I, = Res, = %/: dw [ f(iw + b) —f(iw—b)]-i—%/:dw [f(w+ict) — flw+icy],

. @_i/mdw lf(iw+b) f(iw—b)]_’_i/b dwlf(wﬂcl)_f(wﬂcg)

a 21 Jo iw+b  dw—b 21 J b w +icy w + icy

(7.3)

where in performing the integrals along the vertical we have used the substitution

2z — 1w + b while for that along the horizontal the variable becomes z — w + ic.
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7.3 Rotating Frame

We now discuss the two cases of positive and negative signature separately, taking
into account the different number of Nambu-Goldstone modes present in each sector.
The choice of paths follows exactly the same reasonings of the previous Chapter so
we give directly the results without discussing them further. However, it is necessary
to point out that in real situations, as we will see in next Chapters, there will be a
coexistence of real and purely imaginary Nambu-Goldstone modes, so that one needs

to use both methods.

7.3.1 Negative Signature Sector

Similarly to the case of real solutions (see Chapter 6), we can divide the linear response
function in two terms corresponding, respectively, to the physical solutions and the

purely imaginary Nambu-Goldstone mode, namely

TOT " ING
Rzﬂ’ (CL)) - Rpp/ ((.A)) + Rpp/ ((.A)), (74)
where
NG Al (Ne) B (nG)
R,, (w)=—"2% L (7.5)

e —w  iwng +w’
is the contribution of the spurious state iwig. The notation is the same as the last
Chapter so we refer to it for details. After choosing the two paths as in Fig.(7.1) and

transforming the contour integrations in real one, we obtain

1 fa
LY = —Ave) = o [ dw [R},,TOT (iw +b) — RO (iw — b)} +
1 b TOT . TOT .
+ o /_bd [R}Jp, (w+icy) — R,ljp, (w+ zcg)} ,
NG Al (ve) 1 e [RECT(w b)) REO (iw - b)

+_

1 /b ] IR}J;;“,OT (W+ic) Ry (wtic)
21 J—b

w~+icy w +icy
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(7.6)
as the positive pole in this case is iwle with residue —A}Jp,(NG). At this point we
can evaluate the energy of the Nambu-Goldstone mode using step 3 of (6.16), namely

1,N
Th! G

o = v &

7.3.2 Positive Signature

In this sector there is the possibility to have three purely imaginary Nambu-Goldstone

modes. The total response function looks like

ROTOT (W) = ) + ZRONG’J (7.8)
with
0,j 0,5
NG,j A (NG) B, (NG)
Rgp’ ( )_ (cm (on +w (7'9)

WNG — W WNG
To evaluate the three purely imaginary energies we need four different paths, as in

the real case, chosen with the same criterion. For this reason we don’t enter in details

and we give immediately the conclusions

1
Apve) = 5o [ RUZ" (i = b) = Ry (i + )| +
1 b TOT , TOT ,
+ 97 s dw [Rgp, (w+icy) — Rgp, (w+ zel)} ,
1 ja
Apve) = 5 ["a RS (0 = b) = Ry, (i + )| +
Lob TOT : TOT ,
+ o /71) dw [Rgp, (w+ics) —R),  (w+ zcl)} :
1 yja
Appve) = o [ dw |RE" (1w = b) = Ry (i + )] +
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1 b TOT . TOT :
+ 3 /71; d [Rgp, (wHic) =Ry, (w+ 201)} ,
0,1 TOT TOT ,.
Ay (NG) _ Ry (iw—=b) Ry, (iw+d)
W %2‘ iw—Db 1w+ b
. IR wtie) Ry, (w i)
2m W+ icy W+ icy ’
0,2 TOT TOT,.
A, (NG) _ Ry, (iw—0b) Rgp, (iw + b)
zw}%é iw—Db 1w+ b
N (w+icy) RS;',F,OT (w+icy)
2m W + 1cy w +icq
JTOT

(iw—1b) R (iw+D)]
iw—b iw+ b J

(0,3)
’L(.A)NG

RO (i) RYOT(w+icr)

W+ 1cy w+icy

27m

l
Ay(ve) 1 /M[R
|

(7.10)

In this sector of signature there is the possibility that not all the Nambu Goldstone
mode become purely imaginary but that there is a mixing. In this situation the RPA

response function can be written as

TOT NG, r NG,i 1
Ry, (W)= ZRO ZRO (7.11)

where

r A% (NG BU’T G
RgSG’ ((,(,)) — pp (N )+ (N )

w}%g —w (0” o+w
0,i 0,i

NG,i A (NG) B, (NG)
R?,p, ’l(w) = —9 + 5

wWye —w  iwve +w’

(7.12)
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are the corresponding contributions to the RPA response for the real (r label) and
imaginary (7 index) Nambu-Goldstone modes. In this case we have to use both
methods leading to a quite demanding computational effort due to the increased

number of integrations.

7.4 Illustration

As we have done in Chapter 6 we show a realistic situation in '®®Yb in which the
Nambu-Goldstone modes can become purely imaginary and this happens at finite
rotational frequency. The coupling constants are considered constants as a function
of rotation because we cannot fix their values with the experimental values of the (-
and - vibration so that, in principle, all kind of solutions are possible in the RPA
equation including complex one. A very direct way to check if a purely imaginary
solution exists is to evaluate the RPA response function at zero energy with averaging
parameter 7=0 MeV. This will give us the IEWSR (see Chapter 6) and, in case of
real solutions, this is a positive value. This means that every time the linear response
at zero energy has a negative value we are in presence of a complex solution. The
procedure to localize this purely imaginary solution is equivalent to the one for real
poles (see Chapter 6,sect.6) but this time we need to plot our RPA response using an
imaginary variable iw. The result of this plotting is given in Fig.(7.3) The value of the
Nambu-Goldstone mode relating to neutron-gauge invariance case (graph (a)) is in an
energy interval around 2 keV while the Nambu-Goldstone mode in (b), corresponding
to rotational broken symmetry, is around 0.1 MeV.

The real Nambu-Goldstone mode corresponding to proton-gauge invariance can
be localized with the same method explained in Chapter 6. From Fig.(7.4,case (a))
we see that the real pole is around 2.4 keV and its presence is also noticeable in the

rotational response (case (b)) even if is not a big contribution.
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Figure 7.3: Imaginary Nambu-Goldstone modes corresponding to neutron-gauge in-

variance and of the rotational broken symmetry (case (b)) at wyey = 0.4 MeV. See
caption of Fig.(6.4) for units deifnition.

99



10

6
— Proton Conservation Number
4 F
~ (@)
3 2+
<
2 ot
C
K= ol Real
I3 variable
=
- -4
37102850 T
g (b)
o
[%2]
[¢5]
[n'd
g Real
—-102900 - H
o variable
— Rotational Invariance

-102950

2 2.2 24 2.6 2.8 3
Energy(keV)
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in the case of finite rotation, wy = 0.4 MeV. See Caption of Fig.(6.4) for units
definition.
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Chapter 8

Effective Mass

8.1 Introduction

We now consider the effect of the energy and momentum dependence of the self-energy
on the propagation of a elementary excitation of an interacting system. Whereas the
analysis pertains to a variety of interesting physical systems, such as a *He atom
in liquid *He or a low energy nucleon propagating in a nucleus (our case), we will
illustrate the major points for the case of a nucleon in translationally invariant nuclear
matter for simplicity.

The one-body Schrodinger equation can be easily solved taking into account that,
due to the absence of space-limitations in the system, the eigenfunctions are plane

wave of the form

o(x,t) ~ expli(kz — wt)]. (8.1)

The dispersion relation that one obtains substituting the above definition of the
plane wave inside the one-body equation reads as
k2
w=-—+V(kw), (8.2)

2m

where V(k,w) is the Fourier transform of the one-body single particle potential.
This term is called, equivalently, mass operator or self-energy correction because, as
one can see from Eq.(8.2) it renormalizes the free particle energy % and it practically

represents the effects of the medium on the propagation of a particle. The depen-
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dence on the momentum £ carries information on the non-locality in space of the
effective interaction. This non-locality is already present in the Hartree-Fock (HFB)
solutions and is due to the exchange term in the potential. Both direct and exchange

contributions, which are instantaneous in time, are schematically shown in Fig.(8.1)

(a) (b)

Figure 8.1: Schematic representation of the direct(a) and exchange (b) diagrams
which are included in the Hartree-Fock mean field

The dependence on the variable w is associated with contributions to the effec-
tive interaction which are non-local in time (for example particle-vibration coupling,
electron-phonon coupling and so on). These contributions were already discussed in
details in Chapters 3 (for a non-superconducting system) and Chapter 4 (for a con-
densate state). As suggested by the graphical perturbation expansion and shown in
detailed in nuclear matter calculations [33] one can well use the following approxima-

tion

V(k, w) = VHF + E(w), (83)

where the two terms arise from the contributions of the graphs shown in Fig.(8.1)
and Fig.(3.2) respectively.

It is convenient to describe the complicated effect of the medium on a particular
process into a siutably defined effective mass. The definition is made so as to enforce

a free-particle relationship between frequency and momentum, that is

dw k
— = . 8.4
dk m* (8-4)

Making use of Eq.(8.3) one obtains
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dw

dk

LV Ve
ok  Ow dk

k
m
AL LI P
m k Ok ow ’
which can also be written as

. mov\ oV

Noting that m* itself is the product of factors associated with the energy and mo-

(8.5)

mentum dependence of V(k,w), it is useful to define the additional effective masses

m,, and m;, as follow

m Ow

mg mov\

o (”z%)

Mo M T (8.7)
m m m

and to study them separately.

Although the product of m,, and my; appears in the density of states, other observ-
able depend on these quantities. In fact, the effective masses display a quantitatively
significant role in determining the mean free path of a nucleon in the nuclear medium

and serve to resolve a long-standing discrepancy with experiment [34].

8.2 Ytterbium 168

In finite nuclei the energy-dependent effective mass m,, is expected to arise from the
coupling of the single-particle (or quasiparticles) states to the density oscillations (see
Chapters 3 and 4). These are the needed building blocks to construct the self-energy
correction so that we are going to analyze in details their behaviour as a function of

rotation in a well-deformed rare-earth nucleus, 98Yb.
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8.2.1 Quasiparticle Spectrum

The potential energy surface in this nucleus has a stable minimum at prolate defor-
mation up to spin I ~ 60A. The deformation, together with the chemical potential A,
are fixed at w,o; = 0 using a Nilsson-Strutinsky technique in order to obtain neutron
and proton pairing gaps in agreement with the experimental values. The adopted

input parameters are given in Table (8.1) (see caption for further information)

Input Parameters

£=0.262 y=0'

A=1039MeV | N =38

AG=0.983MeV | Nyg =27

Table 8.1: Input parameters used in the cranked Nilsson potential for 8Yb. The
shell-model space used is: Ny .=3,4,5,6,7,8 for neutrons, Nys.=2,3,4,5,6,7 for protons.

The obtained neutron quasiparticle spectrum is given in Fig.(8.2) where the routhi-
ans, that is the eigenvalues of the cranked Hamiltonian, are drawn as a function of the
rotational frequency. This figure illustrates the complexity of the rotating framework
because, due to the violation of time-reversal invariance caused by inertial forces, all
degeneracies are removed. This means that each particle must occupy an identifiable
state in the rotating deformed potential. Already at this level one can understand
the challenge in calculating the self-energy correction of quasiparticle states. In fact,
non only is increased the number of levels around the Fermi surface (see Fig.(8.2))
but, automatically, it is also increased the number of intermediate states generated
by the quasiparticle-vibration coupling Hamiltonian. For example, in the case of the
spherical nucleus Mo the intermediate states are in number of 14 while in 68YDb
we have four different contributions to the self-energy correction (see Fig.(4.3)) each
of them having 60 to 90 possible distinct coupled states (in the same chosen single-
particle space). The wiggle in the graphs displayed by the routhians in the rotational

frequency interval (0.2 — 0.3) MeV, is due to a rather abrupt decrease of the neutron
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Figure 8.2: Neutron quasiparticle spectrum as a function of the rotational frequency
for 1¥Yb. The input parameters are shown in Table (8.1). Nilsson quantum num-

bers are used for labelling two of the routhians for reference. The used symbols are
explained on the right hand side.

pairing gap in this interval (see Fig.(8.3)).
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Figure 8.3: Neutron and proton pairing gap parameters as a function of w,; for *8Yb

8.2.2 Collective Modes

We now analyze the surface modes associated with the density oscillations of our nu-
cleus, that is the — and v— vibrations. The experimental values of these excitations

are, respectively, Es = 1.154 MeV and E, = 0.984 MeV (see Fig.(8.4) taken from
Nuclear Data Sheets Vol 53 (1988)).
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Figure 8.4: (- and ~- experimental vibrational bands for ®Yb.

As explained in Chapter 2 we need to fix the coupling constant of the residual
interaction in such a way that the calculated values are in good agreement with
the experimental ones while the Nambu-Goldstone modes K = 1 should have zero-

energy. The adopted values of the coupling constants are given in Table(8.2) We can

Adopted coupling constants

X =13747 | G,=0092 MeV

0o 1
Xo X,=117.99 Gp =0.102 MeV

0 —v1_
XZZ—)gz_119.71

Table 8.2: Coupling constants used in the calculations at equilibrium deformation
£ = 0.262. Quadrupole strengths 3y are in units of by * A=/ MeV fm~*, where b2 =
h/Mwy with hwy = 41.0A7/3 MeV=7.43 MeV. The values of the pairing coupling
constants are in MeV. All these values are fixed at wyo; = 0.

now study the behaviour of the quadrupole response as a function of the rotational
frequency using the coupling constants defined in Table(8.2). The results are shown

in Fig.(8.5) where the upper row contains the positive signature operators while the
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a = 1 negative components are in the lower sector. In this calculations was used

n = 0.5 MeV as averaging parameter.
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Figure 8.5: Quadrupole response in units of b /hw, as a function of the rotational
frequency. The adopted value for the averaging parameter is n = 0.5 MeV. The upper
row contains signature positive components(a = 0) while the lower one the o = 1

terms. Notice that ()9 lies entirely in the o = 0 sector. The definition of b, is given
in the Caption of table(8.2).

The excitation energies of the giant quadrupole resonances are reproduced about
10 MeV, quite in good agreement with the prediction of the harmonic oscillator
potential, V2w, = 10.5MeV. The low-energy peaks around 1 MeV in the RPA
strength function correspond to the low-lying S(K = 0), v(/ = 2) and the Nambu-
Goldstone modes (K = 1). The effect of the spurious state is quite visible in the @y,
response that is an order of magnitude bigger than the others. To proceed further in
the calculation of self-energy corrections we have to remove the contribution of these
Nambu-Goldstone modes from the RPA strengths because they do not represent
intrinsic states(see Chapters 5). We can apply the method outlined in Chapters 6
(real solutions) and 7(imaginary roots) at both zero and finite rotational frequency

and see how the RPA strength will be modified after the subtraction of the spurious
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states.

We have already given illustrations on how to localize the spurious states and
determine contour paths (see examples in Chapters 6 and 7) so that we will not
enter in details about this point but we give in Table(8.3) the final answer, that
is all the calculated energy of the Nambu-Goldstone modes at different rotational

frequencies. From the table one notice that at w,,; = 0 the spurious states are real

Nambu-Goldstone Energies

WoMeV) a=0 a=1

0 2.52R, 3.4R, 45R | 3.4R keV

0.2 |2.65R, 4.07R, 2501/1901 keV

04 |24R, 1.38R, 26.4 0 kev

Table 8.3: Nambu-Goldstone modes energies at different values of the rotational
frequency separately for @ = 0 operators and o = 1 sector. The label R means real
solution while I purely imaginary root.

while at finite rotational frequency some of them becomes purely imaginary. This is
at wyot = 0 we choose the coupling constants (8.2) so that the the calculated value of
the 8- and ~- vibration reproduce the experimental values of the - and ~-vibration
while the xg; should give zero-energy solutions corresponding to the restoration of the
broken symmetries. When the system is cranked the value of the two-quasiparticle-
like excitations decreases because the single quasiparticle energies are also decreasing
(see Fig.(8.2). This can result in a so low-value in the first two-quasiparticle transition
energy that the coupled RPA equation can have numerically a complex solution. The
knowledge of the energies of the Nambu-Goldstone modes and the corresponding
matrix elements allows us to subtract their contribution from the total RPA response
function, obtaining only the physical strength. We have already shown in Chapters
6 and 7 how to proceed in this sense and how these results look like so that we don’t
discuss this subject anymore. We concentrate here mainly on the intrinsic excitations
as the -and ~- vibration, that is we consider only a portion of Fig.(8.5) that represent

only the vibrational modes. As one can see from the Fig.(8.6), the S-vibration is
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Figure 8.6: RPA Response functions in units of by /fiwy for the quadrupole components
K=0 (on the right hand side) and K=2 (left hand side). The graphs are obtained
at equilibrium deformation € = 0.262 at three different rotational frequencies w.o; =
0.,0.2,0.4 MeV. The value n = 0.5 MeV was used for the averaging parameter.

very much influenced by the rotation giving a complete spread of its collectivity at
wrot = 0.4 MeV while the v-vibration is much more coherent. The difference comes
from the fact that the pairing is dying out, especially in the neutron case in the
range (0.2 — 0.4)MeV of the rotational frequency. This means that the S-vibration is

influenced by this trend due to the fact it is coupled with pairing vibrations.

8.3 Self-Energy Correction

We are now in condition to evaluate the self-energy correction for quasiparticle states
around the Fermi energy. Due to the complexity of the calculations, in particular the
very high-time consuming search of the Nambu-Goldstone modes in association with
integral formulation of the self-energy, we have limited the choice on only very few
levels, 10 negative parity states and 5 positive. This means that we are considering an
interval of 4 MeV in excitation energy. The first step is to evaluate the renormalized

energy of the chosen quasiparticle states due to the coupling with respect to the
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surface modes. The value of this energy is extracted from the solutions of the so
called Dyson’s equation, that is E — ¢; = X(E). From the knowledge of this new
energy it is possible to calculate the effective mass from the relation (8.7) where
the derivative is taken in an interval around the mentioned calculated renormalized
quasiparticle energy. We are going now to show how the energies of the routhians
can be changed due to the particle-vibration interaction. Figure (8.7) represents the
effect of the coupling on the original routhians energies (labelled Nilsson in the figure)
at two different rotational frequency, w,o; = 0 on the left and w,o; = 0.4MeV on the
right. The extreme left and right part of the graph show the corrected energies due

to the coupling at the mentioned two different rotational frequencies.

Cranked Nilsson

NiIssoH+ Nilsson Nilssﬁn 'Nilsson+

Self-Energy Energyi —+—~——~——— Energy Self-Energy
Correction I ] Correction

O L | L | L | n i
W =0 0001020304 (3 =04
rot W, (MeV) rot

Figure 8.7: Renormalized neutron quasiparticle spectrum due the particle-vibration
coupling interaction. Only negative parity states are drawn. The solid line cor-
responds to signature positive states (o = 1/2) while the dashed one to negative
signature case (o« = —1/2). On the left the renormalized levels at zero-rotation are
represented while the right hand side shows the results at w,o; = 0.4 MeV. These new
energies are compared with the original routhians.
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It is quite clear that the coupling term gives rises to a specific change in the energies
of these levels. The behaviour shown in Fig.(8.7) reminds us that in a system with-
out pairing correlations, due to the self-energy correction, hole states have positive
correction bringing them close to the Fermi energy while particle states are moved
towards the Fermi energy from above because of a negative contribution [36]. In the
superfluid case one has to remember that a quasiparticle is a linear combination of
particle and hole with finite probability to be in a hole-state or in a particle state.
In this case the pairing gap is the reference energy so that the shift of the energy
is towards the pairing gap value. One can study the effect of the coupling around
the equilibrium deformation, in particular at the values ¢ = 0.2 and € = 0.3 of the
deformation parameter. We summarize the results showing the trend of the m,, at

different deformations and rotations (see Fig. (8.8))

15
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14 1 r & b r -
@ ®a=+12 @ @a=+1/2
O -Oa=-12 O -Oa=-12

13 - 1

12

q S=---_
11 r b r b
L L

10 1 1 1 1 1 1 1
00 01 02 03 0400 01 02 03 0400 01 02 03 04
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Figure 8.8: m,, evaluated at three different deformation and rotation. The central
case is the equilibrium solution. The results include both positive and negative parity
states where the filled circle indicates positive signature states while the open one the
negative signature case.

The main observation that comes out from Fig.(8.8) is that the m,, has values quite
small compared to the spherical case [14]. This is not very surprising because the
collectivity of the surface modes in a deformed case is used mainly to build up the
deformation. The most surprising result of Fig.(8.8) is the increase with rotation of
m,, because we were expecting that, due to the loss of the collectivity of the low-lying
energy region in the RPA response function due to rotation (see Fig.(8.6)), there

shouldn’t be important contribution to the self-energy correction. In practice we
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were looking for an equivalent situation of the spherical case where the temperature
reduced the coherence of the collective mode in a very drastic way [14]. Studying
in more details the results, especially in the case of deformation € = 0.3 where the
increase is more sensitive, we found out that the two-quasiparticle transition energies
presents a very low-lying energy, practically at zero-energy at w,,; = 0.4 (see the
inset of Fig.(8.9)). This means that we are in regime of instability because the RPA

equation can have an imaginary solution.

0.6 B
04 q
0.2 q

0
1

Energy(MeV)

2

Lr 6=0.3
w =0.4 MeV

rot

Two—quasiparticle Strength(arbitrary units)
o

0 . ‘
0 10 20 30 40
Two—quasiparticle Excitation Energy (MeV)

Figure 8.9: Two quasiparticle-like excitation strength for Q9, at ¢ = 0.3. The inset
represents an enlargement of the graph in the range (—0.1 — 2)MeV where it appears
the low-energy two-quasiparticle excitation energy bringing instability in the system.

Using the same method developed for the removal of the imaginary Nambu-
Goldstone mode we can evaluate this instability to remove it from the physical
solutions so that the we can proceed to calculate the corrected effective mass (see
Fig.(8.10). We have also checked the case ¢ = 0.262 but we didn’t find any instability
in the RPA solutions.
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Figure 8.10: m,, after subtraction of the instability in the case of deformation ¢ = 0.3.
Case (a) without instability, case (b) with instability. Only negative parity states are
depicted. The filled circle indicates signature positive states while signature negative
states are drawn by open circle.

8.3.1 Octupole Correlations

In these last years a lot of theoretical and experimental studies of low-lying octupole
correlations have been developed showing that the octupole vibrations are very im-
portant more than the quadrupole one in the superdeformed case[26]. It could then be
interesting analyze the effect of a quasiparticle-octupole coupling interaction on the
quasiparticle spectrum. Tee procedure is exactly the same as in the quadrupole case
so that we give directly the results. First of all, the renormalized neutron quasiparti-
cle spectrum gives a much smaller effect compared to the quadrupole case. The fact
that the octupole correlations are not important and effective in a normal deformed
nucleus is much more evident looking at the results of the effective mass as a function
of rotation and deformation. As one can see in Fig.(8.11) the results do not depend
on rotation and deformation and, moreover, the value of the effective mass is practi-
cally 1. This can be explained with the fact that the low-lying octupole vibration is
too high in energy compared with the quadrupole case so that quasiparticle-vibration

coupling is less effective.
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Figure 8.11: m,, as a function of rotation and deformation due to octupole coupling

We show in Fig.(8.12) the renormalized neutron quasiparticle spectrum due to

octupole coupling for comparison with the case of quadrupole results (Fig.(8.7)).

Cranked Nilsson

Nilss®n+ Nilsson Nilsgbn Nilsson+
Self-Energy ———— Self-Energy
Correction I ] Correction

0 L | ! | ! | L \\\\\>
. =0 0001020304 (3 =04
rot W, (MeV) rot

Figure 8.12: Neutron quasiparticle spectrum (central part) renormalized due to the
coupling with octupole vibration (left at w,o, = 0 and right at wy,; = 0.4). See caption
of Fig.(8.7) for details.
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8.3.2 Signature Splitting

It can be interesting to analyze the consequence of the particle-vibration coupling for
the states that are signature partners, that is they have opposite value of o but they
are almost degenerate in energy. We are going to show below that the phonon coupling
produces a splitting of these pairs in a specific way depending on the particular state
chosen. The results are shown in Fig.(8.13) for the quadrupole correlation case and
Fig.(8.14) when considering octupole vibration. Even in this case we can anticipate
that the octupole coupling is much less important than the quadrupole one. In the
quadrupole case (Fig.(8.13)) the particle-vibration coupling produces a very evident
splitting in some of the paired states (for example a splitting of 20 keV becomes 128

keV) while in the case indicated by the white box the pair remains degenerate. The

MeV Nilsdn - Nilsson+

2 Self-Energy
[503]7/2 Correction
[505]11/2
[521]3/2 f—"_—’\\’

[523]5/2
[512]5/2 —1 128 keV
[521] ij 99 keV

33 keV

0.5 ~'168 keV

0 L L L L L
0.0 01 0.2 03 04
W, (MeV) 0,=0.4

Figure 8.13: Signature splitting produced by the quadrupole coupling. Only negative
parity states are shown. The solid line indicates positive signature states while the
negative signature states are drawn with dashed line.

paired states @ = £1/2 couple with the surface modes generated by different residual
interactions with different signature (see Chapter 2). The intermediate states of the
four distinct contributions to the self-energy correction (Fig.(4.3)) are different for
a =1/2 and a = —1/2, respectively, due to the selection rule on signature quantum
number. For example, in the case of diagram (a) of Fig.(4.3) where initial state has

signature positive , the intermediate state has also signature positive if the surface
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Figure 8.14: Signature splitting due to octupole vibration coupling. See caption of
Fig.(8.13) for details.

mode has @ = 0. If the initial state has @« = —1/2 and the collective mode is generated
by an a = 0 operator, due to conservation of the signature quantum number, the
intermediate state will be a signature negative orbital, that is « = —1/2. This means
that the paired initial states, by coupling to surface modes with o = 0, reach different
intermediate states ( the same is true if the signature of the collective mode is o = 1).
This means that the paired states will have different self-energy corrections. It is then
interesting to understand why the states labelled with the white box in Fig.(8.13) do
no split but keep their degeneracy in energy. The reason is that these states have a
very high projection of the angular momentum on the symmetry axis, that is 11/2.
This means that the quasiparticle-vibration coupling is effective only for intermediate
states which wavefunctions have maximum overlap with the initial ones, that is with
states at high projection too. But these obitals are usually paired signature states,
that is the intermediate states, although different in signature, have same energy so

that the self-energy correction is the same.

8.3.3 kmass=0.85

In all the calculations discussed until now we have never referred to the so-called
k-mass. This is because, in the Nilsson potential, there is no momentum dependence
so that this quantity is 1. One can then argue that in our calculations we take into ac-

count a double-counting due to the fact that the Nilsson potential and corresponding
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parameters, are defined in such a way to reproduce the experimental values. These
last quantities already contain all the correlations that we have considered throughout
this work. It is important, as a consequence, to scale the Nilsson potential so that it
can be considered as a momentum-dependent with an effective k-mass different from

1. At this purpose we have performed the following substitution

fiwo — fwy X (%)*1. (8.8)

The adopted value of this effective mass is = = 0.85. We have repeated all
the calculations and have found out that the w-mass, at the equilibrium deformation
e = 0.262, has increased from 1.26 to 1.43 while, as a function of rotation is value is

practically constant( see Fig.(8.15)

1.44 T i
--—- a=+1/2
— a=-1/2
143 |-
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141 - \\ 4
1.40 1 1 1 N
00 01 02 03 04
w

rot

Figure 8.15: my, at equilibrium deformation as a function of rotation with m; = 0.85.
Negative and positive parity states are included. As usual solid line represents positive
signature states and dashed line negative signature case.

We have also checked the signature splitting considering the m; = 0.85 and we have
found out that the effect is much larger (see Table(8.4) for some values of the splitting)

For completeness we give the usual renormalized neutron quasiparticle spectrum
for this last case while, as in the former case, the octupole correlations are absolutely

negligible.
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Signature Splitting (kev)
State m,/m=1 m, /m=0.85
[512]5/2 | AE=8 __ _ AE=68 | AE=9 __ _ AE=268
[523]5/2 | AE=5 . AE=33 | AE=1 __ _ NE=82
[505]11/2] AE=0 ___ AE=0 | AE=0 ___ AE=0
[503]7/2 | AE=3 ____ AE=128 | AE=1 ___ AE=170

Table 8.4: Comparison of the signature splitting in case of quadrupole coupling with
my = 0.85 and my, = 1.
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Figure 8.16: Renormalized neutron quasiparticle spectrum due to quadrupole
pling with my = 0.85. See caption of Fig.(8.7) for details.
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Chapter 9

Conclusions

The particle-vibration coupling formalism have been generalized to deal with hot,
strongly rotating nuclei. In this way we have developed the basis to carry out micro-
scopic desription of the structure of compound nuclei, in particular of the effective
mass of nucleons close to the Fermi energy. In this way it will be possible to provide
a quantitative description of the level density as a function of rotational frequency
and temperature, and then of the evolution of the cooling of the compound nuclei
through nucleon and y—deacy. The lack of such a description has been the single,
most important factor hampering the analyzis of experiments designed at studying
evolution of the nuclear spectrum as a function of rotation and temperature.

We have been able to check numerically, the soundeness of the method employed
to eliminate the Nambu-Goldstone modes in deformed strongly rotating nuclei and
which constitutes the central, most difficult technical step in the whole project. We
do not expect finite temperature to jeopardize the validity of our approach.

In any case, from the present work one can conclude: (a) The effective mass of
nucleons moving close to the Fermi energy displays a modest increase of the value
of w-mass and reminds of the corresponding quantity calculated in the case of the
spherical nuclei [14]. The apparent rigidity of the deformed nuclei is associated with
the fact that most of the collectivity in the quadrupole channel has been absorbed into
the static deformation of the mean field. (b)It is expected that the level density in
deformed nuclei displays a similar value to the corresponding quantity in closed shell

nuclei. Furthermore, one expects it to be rather insensitive to rotational frequency.
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Making use of the result previuosly obtained in the studies carried out at finite
temperature in spherical nuclei [14], one would expect that there is not a well defined,
critical temperature Ty where the coupling effects on the effective nucleon mass are
essentially quenched. In keeping with the moderate collectivity of 8- and y-vibrations,
and the almost negligible contribution to m,, arising from the coupling to octupole
vibration, one rather expects a smooth decrease of m,, as a function of T.

We are aware that this result seems to be in contradiction with particle-evaporation
data in medium heavy nuclei [40]). We feel however that this difficult, but central
subject of nuclear structure is still quite open, in particular in view of the results
obtained in studying the particle evaporation data of Ca-isotopes [41], where no vari-
ation of the level density parameter was found up to temperature of the order of 3
MeV.

The application of the present formalism to finite temperature, which would be
forthcoming, is expected to contribute to a better understanding of the experimental
findings and hopefully of trigger the set up of new, more exclusive experimental
research.

As an unexpected finding of this work, one can mention the state dependent, sig-
nature splitting arising from the coupling of the single-particle motions, to vibrations

of the nuclear surface, in particular to - and ~- vibrations.
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Appendix A

A.1 Boson factor

We want to express some properties of the boson factor as a function of its argument
in the limit of zero temperature. We start with its definition in terms of Poisson sum,

that is

np(x + iy) —————Z (A1)

—x—1y
In the limit of zero temperature, 5 — oo, we substitute the sum with an integral

over continuous variable, so that

(& + i) 1 1 /+°°d 1 (A.2)
np(r+1y) =—- — — W— .
B Y 2 21 J-x W —T — 1y
This is a very easy integration because
1 1t — ) w—1
) — - d - : A3
(4 iy) 2 27 /;OO “ [:L’2 + (w—y)? "ty (w—y)? (4.3)

The imaginary integral cancels out because the integrand function is odd, while

the real one is different from zero if z # 0, so that

1 1 —
np(r +iy) = —5 5 arctan (%) o=
1 0 x>0
= Sign() -1 =4 —3 = (A.4)
-1 <0
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A.2 Integrals I, and I

We evaluate the integrals defined in (3.66) in Chapter 3. We start with the first one

separating the real and imaginary part of the integrand, that is

+o00 1
hoo [Ta

—0 wg — W
+00 w +00 w

= / ot ’L/ e
—o0 Wa —+ w —oo Wa + w

—+o0
w
= arctan | —
W

+ ix0=m. (A.5)
The imaginary part of the integrand is an odd function respect with the integration

—o0

variable w so that the corresponding integral is zero. This is the reason why only the
result of integation is a real function.

We can proceed exactly in the same way for the second integral, that is

+00 1
]2 = / dw

—00 wg + w

+oo w +o0 w

—o0 wg +w —o0 wg +w
“+00

— ix0=m. (A.6)

— 00

w
= arctan | —
Wy

The last integral requires some algebraic steps. Even in this case we can divide

the integrand in real and imaginary part so taht

I +00 J 1
= Ww— =
+oo E +0o0 w—r1
= dw———"—— +1 / dw—m———5.
/—oo E? + (w — 77)2 —0o0 E? + (u) — 7])2
The second integral gives zero contribution because the integrand term is an odd

function, as one can see changing integration variable

“+oc w—=" “+oc Y
e dy—=— = A.
/—oo dwE2 + (w—n)? \/700 Y2y y? 0 (A7)
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The final result for the integral I3 is

I3 = arctan <%)

“+oc

— O
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Appendix B

In this appendix we want to show that the method of removal of the Nambu Goldstone

modes in the positive signature sector is equivalent to apply the residues theorem to

the Nambu Goldstone RPA response , as it was done for signature negative in chapter

6.

We summarize here the results of signature positive (see Chapter 6 for details),

that is

1 oToT 1

0,1
1 = — 4R ——f d
App (NG) 271—7/ %C'Q—l—LQ ? PP (Z) 271—7/ C1+L; :

1 TOT 1
0,2 0
2 = — AR ——f
App (NG) 271—7/ %C3+L3 ® PP (Z) 271—7/ Cao+Lo
1 TOT 1
A%m:=ff 4R —ff
””( ) 271 JCy+La “op (2) 271 Jos+Ls
0,1 oTOT
A (NG) _ Lj{ dszp’ (2) B Lj{ "
wﬁf,g 2w JCy+ Ly z 211 Joi+ L
A% (NG 1 RIOT )y 1
diel 1 RIS g
WNG 271 JCs+Ls z 271 JCat Lo
A% (ne) 1 RO () 1
WNG 271 JCy+ Ly z 211 JCs+ Ly

In the following we will use the quantities
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, 1 TOT 1 TOT
04 - — aRE (@)~ 5§ deRYy
Ay (NG) i %cbm Ry B =55 b R 2
0.j TOT TOT
A (NG) _ L]{ dzR?”" (2) —Lf dzRgp' (2)
wie 2mi Joy+L, z 271 JCu+La z ’

(B.2)

where j=1,2,3 and C, + L,,Cy, + L, can be two of the four contours defined in
6.4.2.

It is convenient in the above integrals to use the spectral representation of the
response function (2.42) separating the physical solutions from the Nambu-Golstone

modes (6.30,6.31), that is

| 1 1
HNG) = oo ARY() - AR,
Ay (NG) i 7{0,,+L,, Rop ) =95 f. . Ry (2) +
1 NG,1 1 NG,1
- ARV () - f dzRONE
T o 7{0,,+L,, Rop ) =g f, ARy () +
1 NG,2 1 NG,2
- ARV () - f dzRONE
T o 7{0,,+L,, Ry ) =g f, ARy () +

1 NG,3 1
— dzR%, 77 (2) — — f dzR),
+ 2mi jéHLb “or (2) 271 JCu+La “or (2)

0,
Ay (ve) L?{ dzw_i% 3 Rer2)
w}%’é 211 JCy+Ly z 211 JCu+La Z
NG,1 NG,1
L 7{ R ) L f 0. R ) +
271 Jo,+L, 2 271 JCy+La z
NG,2 NG,2
211 Joy+L, z 21 JCOu+ L z
NG,3 NG,3
2mi Joy,+1L, z 211 Jou+ 1. z '

(B.3)

The integrals involving the physical response cancel out in all cases because the

number of real poles in C,+ L, and Cy+ L, is the same. We can use the analytical prop-
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erties of the response function to simplify the above integrals, that is Rgi,VG’ 1 (2) has
only one pole wie so that the only contour integral involving Rgi,VG’ 1 (z) different
from zero is the one with C; + L;. For the same reason we can use Cy + Ly, Cy + Ly
for ROVG L (2) and €, + L, Cy + Ly, Gy + Ly for RIN G

can write that

(z). At this point we

Apine) = oo dRY () +
+ 2%” ]224@2 dzRggG’l (2) — 2%” feﬁh dzRggG’l (2) +
+ 2%” 7{02+L2 dzRggG’z(z) — 2%” feﬁLl dzRggG’z(z) +
+ % 722+L2 dzRgf;,]G’S(z) - % V%CI’FLI dzRgf;,]G’S(z)
Aulve) _ L R
wﬁf,g 271 JCo+ Ly z
oNG,1 oNG,1
N % ]{CQJFLQ dZRpp’ z = % fclJrLl dZRpp’ z - *
oNG,2 oNG,2
N 2L7m ]224@2 dZRpp’ 2 =R 2L7m fcl+L1 dZRpp’ z = *
oNG,3 oNG,3
+ % 7{6’2+L2 dZRPP' z < B % ~£‘1+L1 dZRPP' z (Z)

(B.4)

The integral differences involving Rgij’z(z) and Rgij’s(z) cancel out because
the integrand functions have the same number of poles inside C; + Ly and Cy + Lo

so that we obtain

1

0,1 0

o = —=— dzR,,

A0) = <], AR
0,1

Ay (NG) _ 1 % dZRgp,(z)
WNE 2mi Jer+ Ly z

(B.5)

This is the solution for the first spurious state. In the second case we have
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1 NG,2
Aine) = A f g
P (ve) 271 Joo+ Lo “op (2) +
1 NG,3 1 NG,3
— 4RO ——75 d=RO
oo 7{C3+L3 Rop ) =558, BRey )
A% (NG 1 RONG2
pp(E_z) ) = - f dz—* ()+
WNG 211 JCy+ Loy z

NG,3 NG,3

1 RU / ’ (Z) 1 RU / ’ (Z)
i _]{ dy e \F) _]{ dz—vd 2
2wt JCs+Ls z 21 JCo+ Lo z

(B.6)

where, for the same reasons explained above, the integral differences with the
Nambu Goldtsone response corresponding to the third solutions give zero contribu-

tions. The result for the second spurious state is

1 NG,2

Ane) = L f aR®
PP (ve) 211 JCo+ 1o “op (2)
A% (ne) 1 REYE2(2)

WNeG 271 JCy+ Ly z

(B.7)

Finally the last Nambu Goldstone mode have the following non-zero integrals as

solutions

1 NG,3
Ave) = L f e
PP (ve) 271 JCs+Ls v (2)
A% (NeG) 1 ROV (2)
o 25 __.]{ dy e \F)
WNG 211 JCs+ Ly z
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Appendix C

This appendix contains all numerics used in chapter 4 to find the retarded self-energy

expression in the rotating frame.

a .
C.1 Integral I},(c + in)
We have defined in chapter 4 the following integral

+oo RS, (iw)
I8, (e +1 :/ dw—"— C.1
ot ( ) o £+ in — iw (C.1)
It is convenient express the RPA response in its spectral decomposition (2.42),

that is

I8, (e + i) = Z/Z"’dw 1 le‘ (1)) , L)y (q)] B

e+ —w Wy — w wg + w
*
o o +oo 1 1
= Z—Qp (.Q)Qp (q)/ dwl — - ]-I—
7 €T —wg Jooo Wg — W €41 — W

ESCAUL A0 [Tl L]

etin+wy Jooo wg-l—iw_s—f—in—iw

q
QT (0% () Q%(¢) Q% (a)
= ey BBy B

(C.2)

where the integrals I; with =1,2,3 were introduce in Chapter 3 and solved in

appendix A. After substituting their solution, one can write that
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et = Y 2 WG

[ — wsign(e)] +

7 Etin—w
Q(2)Q5 (a)
+ ;m [7T+7TSlgIl( )]
(C.3)
This means that
a* (8] Q ,
Z—Q’J W% _ L / " oK) e<0
g €t —wg 27 J- €+in —
(8] Oé* Q y
Z Qp(Q?Qp/ (a) _ 1 /+°° oo RM’J,(M)’ . S0
g €T um+uwg 21 J—0 €+in —
(C.4)

This is only a partial answer because one should be able to evaluate the sums on
the left hand side of last equation for all value of ¢ and not only in one region of the
real axis. For this purpose, we use again the RPA response function to find a relation

between the two sums, namely

* *
% 99| 09 (@) .
27 s Z A (C.5)
q g+ Z77 (,(,) pr £ + Z77 + CL)
At this point one can write that
o (1)
Z M — f E‘HU iw € o
€+ 11 — wy N ) | _
q ’ o I dw m R, (e+in) >0
while
o (1)
Z w — f 8+“7 iw g (C 7)
€+ + w) .
q q f+°°d )+Ra (e+in) <0

5+m W
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a /-
C.2 Integral Jg,(iw,)
This integrals is defined as

+o0 s Roy (iw)

T2 (iwg) = /_ ot (C.8)
We proceed exactly in the same way as in section above so that
o1 [S0%6 | %W W
Ja / ('I/wn) - Z / dw ) - P g .p’ =
pp 7 /o Wy, — iw Wy — iw wg + iw
*
o o +o0 1 1
LI
7 lw, —wy —o0 wg —w i, — W
[ P Bu p w[ S
e E+intw; /- wg +w W, W
*
% W% |, Q%" (o)
= —L =P I3 — 1] I3 — 1,
; Wy, — Wy 4+Z an—l—wa s = &),
(C.9)
where we have introduced two other different integrals I, and I5 defined as
+o0 1
I, = / dw%,
—0o0 Wy — W
+o0 1
I5 = / W
—00 Wy, + 1w
(C.10)
These integrals cancel out because
+o0 1 +o0 1
I, :i/ dw :z/ dy— = 0,
—oo W — Wp —00 Y
+0o0 1 +o0 1
I, = —i/ du :—z'/ dy= = 0.
—o0 W + Wy, —00 Y
(C.11)

This allows us to write
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Jﬁp,(iwn) = msign(e) {— Z w + Z w} ’

7 Ws —lwn 7 Wqtuwn
(C.12)
that is
1o RS, (iw) %" ()0 | %W (@
- /—oo dw iwn, ; l wg — wn wg + iwn (C.13)

The right hand side of this equation looks like the linear RPA response function
(2.42 ) except for the minus sign in front of the first term. This helps us to calculate
the two sums included in the spectral representation of the RPA response separately.

In fact, combining this last result with the definition of the response function, we can

write that
*
a al 1 ]. too Ra’ )
Z M - {RO‘ (iwy) — —/ dww} : (C.14)
— wa — iwp, 9 T Jeoo Wy, — tw
while
*
“(q) Q% 1 L e Ryl
Z M — {Ro‘ (an) -+ —/ de} . (015)
= wg +iwn 92 T Wy, — iw
C.3 Function G, (iw)
This term is defined as
o | 1 oo RY(iw) — R (iw)
a _ il dw—L> pp ) C.16
Gpp(w)) ﬁ%E—i—in—Ey—iwn??T/ v Wy, — 1w ( )

We are going to rewrite this term in such a way that we can use the definition of

the boson factor in terms of Poisson sum [5], that is

(C.17)



For this purpose we rewrite G, iw in a more convenient way, that is

o 1 ptee o o a
GOy (iw) = 5 /_OO dw [Rpp, (iw) — Rpp,(zw)] X g iw, (C.18)
where
1 1 1
a/ ) = = . Clg
9o (1) 5%E+m—E7—z’wniwn—iw (€.19)

This function can be separated in the sum of two different denominators, that is

o (i) = = : 1 — (C:20)
W) = — .
Tor B~ E+in—E,—iw |E+in— By —iwy ity —iw]’

W,

where we can use the definition (C.17) of the boson factor to eliminate the sum

over discrete frequencies, namely

o 1 , 11 ,
G (W) = T B i B E T B+ g =5 mnaliv)] =
1
— E+in— E,) — np(iw)].
E+in—E7—z'w[nB( i = Ey) = np(iw)]

(C.21)

We insert this result in the definition (C.18)

1 /+0° oo Ry (iw) — R, (iw)

Ga/ ] -
oo (10) 21 J -0 E+4in—E, —iw

[ng(E +1in— E,) —np(iw)]. (C.22)

C.4 Final sum

In this section we perform all steps that bring from (4.20) to (4.28) after inserting
(C.22) and the expression of the extra terms. We start with the expression (4.20)

Y E+in) = Y 3 Y x

ret App a=0y=1
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X

B4 E+in— Ey — iw,
= Gy (N L+ np(E 4 i — By) —np(By)| RY, (B + i — Ey) +

{1 5 Ry (iwn)gsy (1)

1 ¢ (7) Q" (4) Q% () — Q2(0)QY (a)
N E;;E+inTE7—iwn p pwg-{—iw: —
— Y8 () L+ np(E+in— E) - np(E,)] x
q
Q2" (4)Q% (a) — Q2(0) Q%" (4)
wg +E+in— E, ’
(C.23)

and we substitute the extra terms as a function of the RPA response, namely

1 2 Ro‘,z’wn a,
pwse = L5 (E SRR

ret A pp a=0y=1 Wn

- Y 22: Qo (V) 1+ np(E +in — E)) —np(B,)] Ry, (E+in— E,) +

Appay=1

L L (RS, (iwn) = RS (iwn)] 45y (7) .
20 i E+iin— E, —iw,

n l Z -qu' (7) . i /+°° dw [Rﬂ’p(w{n) - Rpp’(lwn)] 4
6MHE+Z7]—E7—M”27T -0 Wy — W

= Gy (N[ +np(E+1in— Ey) —np(Ey)] x

1 g+ RS (iw) — RS, (iw) )
— dw—L- £ E-E, >0
27’(/;00 wE+in—E7—iw 7

o o

1 /+00 dprlp(i(,ﬂ) - Ry, (w)) N
21 J—oo E+in—E, —iw

+RY (B +in—E,) —RSy(E+in—E,) E-E, <0

(C.24)

We now sum up the first and the third term while in the fourth we substitute
(C.22)
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D Etin) = 33 3 X

ret

y 1 Z (RS, (iwn) + R, (iwn) g5, (7)
23 E+wm—E, —iw,

TWn

+

= Gy (ML +np(E+in— E) —np(B)] Ry (B +in — Ey) +

L[ g iy OISt R )
21 J—o0 E+m—-FE,—iw
- q,?pf(m) [1+np(E+in— E,) —np(E,)] X
( 1 /+00 dng‘,p(iw) — R4y (iw)

21 J oo E+in—E, —iw

1 /+00 dwaj,p(i(.,u) - R, (w)) N
21 J—oo E+in—E, —iw

+RS (B +in — B,) — RSy (E + in — E,)

|

We can now sum the integrals, namely

Y E+ig) = Y iix

ret

App’ =0 y=1

y 1 Z (RS, (iwn) + R, (iwn) g5y (7)
23 E+in—E, —iw,

+
L R Ry )]
21 J- E+m—-E,—iw

X [np(E+in—E,) —np(iw) — 1 —ng(E+in— E,) + ng(E,)] +
Qo (V) 1+ np(E +1n— E,) —np(E,)| R, (E +in— E,) +

— @y (V) [L+ns(E+in— E,) — np(E,)] X

Ry (E +in— E,) =R, (E +in— E,)
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E-E, >0

E-E, <0

E-E, >0

E-E, <0

N

[np(E +in— E,) — np(iw)] +

(C.25)

(C.26)



Combining together the last two terms , we finally obtain

ret

Z(HHE""“?) = ZZX

+

A
y 1 Z (RS, (iwn) + R, (iwn) g5, ()
203 E+wm—E, —iw,

1 /+°° Qo (VIR (1) — Ry (iw)]
21 J- E+m—-FE,—iw

= Gy (VL +np(E+in— Ey) — np(E,)]
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1+ np(iw) —np(E,)] +

RSy (E +in — E,)

R ,(E +in— E,)

E-E, >0
E-E, <0
(C.2

N

-
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