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Abstract
The effective pairing interaction induced by the exchange of phonons between
pairs of nucleons moving in time-reversal states close to the Fermi energy in
deformed nuclei modifies in a sizeable manner the superfluid properties of these
systems, accounting for about half of the pairing gap.

Communicated by Professor A Covello

1. Introduction

Many properties of atomic nuclei are strongly influenced by the tendency nucleons have to form
Cooper pairs, eventually leading to the phenomenon of nuclear superfluidity. In particular,
superfluidity in deformed nuclei modifies in an important way the moment of inertia of these
systems, being also responsible for the backbending phenomenon (nuclear quake) in which the
Coriolis force, acting as an external magnetic field, breaks Cooper pairs, eventually inducing
a phase transition (superfluid-normal) strongly renormalized by quantal-size effects (cf, e.g.,
[1, 2] and references therein).

It has been shown in the case of spherical nuclei that an important contribution to the
formation of the pairing condensate arises from the renormalization of the nucleon–nucleon
interaction due to the dynamical polarization of the nuclear medium [3–6]. The origin of this
effective interaction is connected with the exchange of low-lying collective surface vibrations
among nucleons moving in time-reversal states close to the Fermi energy. The nuclear surface,
generated by the self-consistent motion of nucleons, is not only a static barrier confining the
motion of the nucleons but it also renormalizes the single-particle properties in processes
where nucleons, bouncing inelastically off the surface, sets it into vibration (cf figure 1).
These vibrational modes can, at a later time, be reabsorbed by the same nucleon (effective
mass processes) or by a different nucleon leading to an effective interaction (cf figure 2 (b)).

The role the particle-vibration coupling has on the effective mass and on the associated
level density around the Fermi energy in deformed, rapidly rotating nuclei, has been studied
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Figure 1. On the left, the diagram describing the particle vibration coupling [9], while on the right
the schematic representation of a nucleon scattering inelastically off the nuclear surface producing
the emission of a phonon.

(a) (b)

Figure 2. Scattering process induced by the pairing force associated with the Hamiltonian defined
in equation (1). Single-particle states are represented by arrowed lines and labelled by the quantum
number α. The state |α̃〉 is obtained from the state |α〉 by the operation of time reversal. (a) Bare
pairing interaction (dashed horizontal line) of strength G0 (cf equation (5)). (b) Induced pairing
interaction arising from the exchange of vibrations (represented by a wavy line) between pairs of
nucleons moving in time-reversal states |αα̃〉, |α′α̃′〉 lying close to the Fermi energy.

in [7]. It was found that coupling effects renormalize the nucleon mass to a value that is
40% larger than that of the bare nucleon mass. This result is found to be about 50% smaller
than that obtained in the case of the spherical nuclei [8]. This is a consequence of the surface
rigidity of deformed nuclei as compared to spherical nuclei, surface rigidity associated with
the fact that most of the quadrupole collectivity of surface degrees of freedom is absorbed into
the static deformation of the mean field.

Motivated by these results and by those of [3], we have studied the contribution of
core polarization to pairing correlations in superfluid deformed nuclei. Our work should be
considered as a first step, towards a more comprehensive study that should include self-energy
renormalization and vertex corrections in the same theoretical framework, as was recently
done in the case of the superfluid, spherical nucleus 120Sn [6]. On the other hand, at least
in spherical nuclei, the pairing gap resulting from this more general approach turns out to be
rather similar to that obtained considering only the exchange of collective vibrations.

2. Formalism

The single-particle states used in the calculations are determined making use of a mean field
potential (Nilsson potential). In the associated particle-hole basis, the excited states of the
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deformed nuclei were calculated within the framework of the quasi-particle random phase
approximation (QRPA). We then calculate the induced interaction between pairs of nucleons
moving in time-reversal states arising from the exchange of these vibrational modes. Making
use of the resulting pairing interaction

H = −
∑

α,α′>0

Gαα′a†
αa

†
α̃aα̃′aα′ , (1)

the state-dependent BCS pairing gap

�α =
∑
α′>0

Gαα′
�α′

2Eα

(2)

is determined with the condition

N = 2
∑
α>0

V 2
α . (3)

In the above expression

Eα =
√(

εα − GααV 2
α − λ

)2
+ �2

α (4)

is the quasi-particle energy associated with the single-particle state with quantum number α,
while

Gαα′ = G0 + Gind
α,α′ , (5)

is the sum of the bare pairing interaction (cf figure 2(a))

G0 = C

A
MeV (6)

and of the induced pairing interaction Gind
αα′ (cf figure 2(b)) arising from the exchange of

phonons (nuclear vibrations). The constant C in equation (6) will be adjusted so as to reproduce
the experimental findings, as explained below. Note that we neglect the contribution of the
phonons (i.e. neglecting Gind

αα′ ), G ≈ 25/A MeV. In order to calculate the quantity Gind
αα′ , use is

made of the nuclear field theory (cf, e.g., [9] and references therein) describing the structure
of the atomic nucleus in terms of single-particle and collective vibrations and their coupling,
as well as the four-point vertices of the nucleon–nucleon bare interaction. The Hamiltonian
describing these degrees of freedom and their coupling can be written as

H = ĥdef +
∑
nLK

h̄ωn(LK)

(
�̂†

n(LK)�̂n(LK) +
1

2

)
+ Ĥc (7)

where ĥdef is the Nilsson Hamiltonian while �
†
n(LK) is an operator which creates a phonon

with energy h̄ωn(LK). The L and K quantum numbers indicates that phonons are the solution
of QRPA equations associated with a residual multipole–multipole interaction

ĤLK = 1

2
χLKQ̂

†
LKQ̂LK, Q̂LK =

A∑
a=1

(rLYLK)a (8)

where the spherical harmonic functions YLK are defined with respect to the symmetry axis z

(cf [10] and references therein). We shall only consider the quadrupole (L = 2) and octupole
(L = 3) terms. In order to include the effect of deformation, use has been made of the doubly
stretched [11] coordinates to write the multipole operators.

Ĥc in equation (7) is the term that couples the fermionic degrees of freedom to the bosonic
degrees of freedom, which we write as

Ĥc = −
∑
LK

χLKα̂LKF̂LK,



298 P Donati et al

where

α̂LK =
∑

n

zn(LK)
(
�̂†

n(LK) + (−1)L−K�̂n(L − K)
)
.

The quantity zn(LK) = (h̄ωn(LK)/2Cn(LK))1/2 is the zero-point fluctuation associated
with the phonon state |nLK〉 ≡ �

†
n(LK)|0〉. It is obtained from the QRPA calculation of the

vibrational modes through the relation

zn(LK) = 〈0|[F̂LK, �†
n(LK)

]
RPA|0〉 =

∑
ij

Mij (LK)(Xn(ij ;LK) + Yn(ij ;LK)), (9)

where F̂ is the single-particle operator acting on the fermionic degrees of freedom

F̂LK =
∑
ij

Mij (LK)
[
A

†
ij (LK) + (−1)L−KAij (L − K)

]
,

with

A
†
ij (LK) = [

a
†
i , aj

]
LK

,

and

Mij (LK) = 〈i|rLYLK |j 〉,
while the RPA phonon operator is

�†
n(LK) =

∑
ij,n

[
Xn(ij, LK)A

†
ij (LK) + (−)L−KYn(ij, LK)Aij (L − kK)

]
and the quantities Xn(ij, LK) and Yn(ij, LK) are the forward and backward RPA amplitudes
renormalized according to∑

ij

[
X2

n(ij, LK) − Y 2
n (ij, LK)

] = 1.

The coupling constants χLK are adjusted in order to reproduce within the framework of
the QRPA, the energy and the transition probability of the low-lying states. The induced pairing
interaction associated with the exchange of vibrations between time-reversal single-particle
states can then be written as

Gind
αα′ = 2 ×

∑
nLK

χ2
LKz2

n(LK)
〈α|F̂ ∗

LK |α′〉〈ᾱ|F̂LK |ᾱ′〉
E0 − (|εα − λ| + |εα′ − λ| + h̄ωn(LK))

− 2 ×
∑
nLK

χ2
LKz2

n(LK)
〈α|F̂ ∗

LK |ᾱ′〉〈ᾱ|F̂LK |α′〉
E0 − (|εα − λ| + |εα′ − λ| + h̄ωn(LK))

. (10)

The minus sign associated with the second term is connected with the antisymmetrization of
the wavefunctions while the factor 2 which multiplies both terms is connected with the two
possible time orderings of the process shown in figure 2(b).

The quantity

E0 = U − Eunp, (11)

is the pair correlation energy, the difference between the ground state energy including pairing
correlations

U =
∑
α>0

(εα − λ)V 2
α −

∑
αα′>0

Gαα′
�α

Eα

�α′

Eα′
, (12)
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and the unperturbed ground state energy

Eunp =
∑
α>0

(εα�εF )

(εα − εF ). (13)

The set of equations (2), (3), (10) and (11) are to be solved simultaneously (Bloch–
Horowitz approximation), and lead to a self-consistent value of �α . Taking an average over
levels close to the Fermi energy (within an energy interval |εα − λ| � 2� ≈ 2 MeV), one
obtains an estimate of � which can be compared with the experimental values.

While the values of Gind
αα′ are fixed by the energies εα, h̄ωL(n), the particle-vibration

coupling strengths zn(LK) and the single-particle matrix elements 〈α′|rLYLK |α〉, one has to
adjust C in equations (5) and (6) in order to reproduce the experimental findings. Calculations
of the pairing gap as discussed above were performed for a series of isotopic chains, namely
samarium, gadolinium, dysprosium and erbium. In the case of samarium isotopes, we have
considered both spherical and deformed nuclei, while in the other cases only well-deformed
nuclei have been included.

The empirical values for the pairing gap can be obtained making use of odd–even mass
differences. An often employed formula is the three-point relation

�n(N,Z) = − 1
2 [B(N − 1, Z) − 2B(N,Z) + B(N + 1, Z)], (14)

where B(N,Z) is the binding energy [12] associated with the nucleus A
NXZ of mass A = N+Z.

3. Results

We start by discussing the results obtained for ASm-isotopes (A = 146, 148, 150, 152, 154).
In this chain 146,148Sm are spherical, while 152,154Sm are well deformed and 150Sm is a
transitional nucleus.

The gap for these isotopes derived from the odd–even mass differences displays a
rather characteristic bell-shape behaviour, as can be seen from figure 3 where the values
of �n calculated making use of equation (14) are displayed. Another source of information
concerning the pairing gap is given by the two-particle transfer cross section. This is because

σ(t, p; gs(N) → gs(N + 2))

∼
∣∣∣∣∣〈BCS(N + 2)|

∑
α>0

a†
αa

†
ᾱ|BCS(N)〉

∣∣∣∣∣
2

=
(∑

α>0

Uα(N)Vα(N + 2)

)2

, (15)

in keeping with the fact that to transfer two neutrons to the target nucleus with N neutrons
the single-particle levels have to be empty, and this happens with amplitude Uα(N), while the
same level in the residual (final nucleus) has to be filled, and this takes place with probability
Vα(N + 2).

Making use of the BCS relations

Uα(N)Vα(N) = �(N)

2Eα(N)
,

∑
α>0

Uα(N)Vα(N) = �(N)

G(N)
, (16)

it is seen that the ground state (t, p) cross section is intimately connected with the square of
the pairing gap. In analogy with the three-points formula for �n introduced in equation (14),
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Figure 3. The neutron pairing gap of the ASm isotopes obtained making use of mass data [12]
and of equation (14), in comparison with the square root of the average value of the (t, p)-cross
section derived from the experimental results reported in [13] (cf also [14]) and making use of
equation (17). Also displayed are the summed values of the B(E2) transition probability (in terms
of single-particle units) connecting the low-energy 2+ states with the ground state for the spherical
nuclei 148Sm and the transitional nucleus 150Sm (we include the states lying at 551 keV (33 spu),
1453 keV (3 spu) (A = 148); 334 keV (55 spu), 1046 keV (1 spu) (A = 150)); as well as the
β- and the γ -vibrations with the 0+ and 2+ members of the ground state rotational band in 152Sm
685 keV (33 spu), 811 keV (1 spu and 5 spu), 1084 keV (3.4 spu and 9 spu)) [15].

we define

σ(t, p;A) ∼
(

�n(A)

G(A)

)2

= 1

3
[σ(t, p; gs(A − 2) → gs(A) + σ(t, p; gs(A) → gs(A + 2)

+ σ(t, p; gs(A + 2) → gs(A + 4)], (17)

where σ(t, p; gs(A) → gs(A + 2)) stands for the ground state cross section measured at the
first maximum. Making use of the differential cross section of [13], one obtains the results
shown in figure 3, displaying a mass dependence which is in overall agreement with that shown
by �n (same figure). It is revealing that a similar behaviour is displayed by the square of
the quadrupole deformation parameters β2 (or by the electromagnetic transition probabilities,
cf also figure 3), which is one of the main spectroscopic inputs needed to calculate the induced
pairing interaction Gind

αα′ defined in equation (10).
We now proceed to calculate Gind

αα′ . The basic elements needed to carry out this microscopic
calculation are: the single-particle levels, the collective vibrations and the particle-vibration
coupling vertices. In the case of the 146Sm, 148Sm (spherical) and 150Sm (transitional)
nuclei, the single-particle levels were calculated making use of a Saxon–Woods potential
with standard parametrization [16]. The levels around the Fermi energy are shown in figure 4.
For the deformed nuclei 152Sm and 154Sm, the single-particle levels are those associated with
a deformed Nilsson potential [17] with the parameters proposed in [18]. The deformation
parameters were fixed using a Nilsson–Strutinsky technique [19, 20]. In this basis the BCS
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Figure 4. Single-particle levels around the Fermi energy used in the calculation of Sm-isotopes.
For 146Sm, 148Sm, 150Sm, the single-particle levels are those associated with a spherical Woods–
Saxon potential with the parametrization taken from [16]. For the deformed nuclei 152Sm, 154Sm
we have used the levels associated with the deformed Nilsson potential (see text). The energies
are measured with respect to the Fermi εF energy calculated by solving the BCS equations.

solution was worked out with G = 25/A. The vibrational modes were calculated in the QRPA
[10] in the corresponding two-quasi-particle basis by diagonalizing the separable multipole–
multipole interaction introduced in equation (8). The corresponding strengths χLK were
adjusted so as to best reproduce the energy and the transition probabilities of the different
low-lying modes. In the case where these values were not known, the Sakamoto–Kishimoto
prescription [11] was used.

Special attention was paid to the L = 2,K = 1 spurious state associated with the breaking
of rotational invariance by the intrinsic state of deformed nuclei. In this case the coupling
constant χ21 was tuned to obtain a QRPA solution at zero energy, which was then excluded in
the calculation of interaction induced by exchange of phonons.

The different parameters entering the calculations and results obtained for 2+ and 3−

excitations are collected in tables 1 and 2, respectively. It is found that the exchange of 2+

phonons contributes 90% of the global interaction induced by medium polarization effects.
One can understand the small contribution arising from the exchange of 3− phonons by
considering the sequence of levels of the neutron valence shell reported in figure 4. With the
exception of the state i13/2, there appear only single-particle levels with negative parity, which
can therefore exchange only positive-parity phonons. On the other hand, the level i13/2, due to
the angular momentum conservation, can interact by the action of 3− phonons only with the
h9/2 and to the f7/2 levels; the coupling with the former level is moreover reduced due to the
fact that it involves a flip of the single-particle spin.

In figure 5 we display the pairing matrix elements, arising from the exchange of β, γ and
octupole vibrations (cf equation (10)) for the spherical nucleus 148Sm and for the deformed
nucleus 152Sm. The value of Gind

αα′ is plotted as a function of the single-particle energies εα

and εα′ . Because of the energy denominator in equation (10), exchange of phonons induces
large pairing matrix elements only between pairs of particles moving close to the Fermi
energy. Therefore in figure 5 we show the matrix elements only for states which lie within
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Table 1. The calculated energy and transition amplitude τ(Eλ : IiKi → 0) =√
B(Eλ : IiKi → 0) of five samarium isotopes, compared with the experimental values for the

lowest excited 2+ states. The experimental data are from [21, 22]. We used the prescription
discussed in [23] to derive the values of τ from the QRPA calculation. In the last column is listed
the quantity zn(LK) (cf equation (9)) associated with the lowest excited 2+ states. In the case of
150Sm two calculations were performed, one using a spherical ground state (†) and one using a
well-deformed ground state (∗).

Energy (MeV) τ (fm2)
zn(LK)

Nucleus Transition Calculation Experiment Calculation Experiment (fm2)

146Sm 2+ 0.82 – 33.82 – 79.58
148Sm 2+ 0.52 0.55 38.45 36.05 91.73
150Sm† 2+ 0.32 0.33 48.81 50.79 118.00
150Sm∗ 2+β 1.13 1.05 17.9 6 61.7

2+γ 1.19 1.19 32.80 10.39 63.20
152Sm 2+β 0.924 0.81 14.45 6.78 56.24

2+γ 1.185 1.09 20.41 13.03 58.92
154Sm 2+β 1.18 1.18 11.56 11.74 49.63

2+γ 1.44 1.44 16.44 6.32 55.37

Table 2. The same as table 1, but for the lowest excited 3− states.

Energy (MeV) τ (fm3)
zn(LK)

Nucleus Transition Calculation Experiment Calculation Experiment (fm3)

146Sm 3− 1.385 – 234 – 552.2
148Sm 3− 1.401 1.162 226 224 540.4
150Sm† 3− 1.524 1.072 217 214 527.4
150Sm∗ 3− K = 0 2.029 – 259 – 324.6

3− K = 1 2.102 – 42 – 310.5
3− K = 2 2.349 – 34 – 268.6
3− K = 3 2.468 – 34 – 31.8

152Sm 3− K = 0 0.940 1.041 139 131 664
3− K = 1 1.560 1.578 100 100 212
3− K = 2 1.878 – 55 – 409
3− K = 3 2.241 – 8 – 18

154Sm 3− K = 0 1.011 1.011 118 113 639
3− K = 1 1.797 – 43 – 157
3− K = 2 2.226 – 19 – 148
3− K = 3 2.053 – 11 – 20

±5 MeV around the Fermi energy. In order to distinguish the matrix elements associated
with different m-projections in the spherical case, we have artificially split the degenerate
single-particle levels associated with the spherical nucleus 148Sm, plotting the modified
single-particle energies

ε∗
α = εα + (0.2 MeV) × mα

where mα is the angular momentum projection of the spherical state α.
In the spherical case, the vibrations couple more or less democratically to the single-

particle states regardless of their angular momentum projection or, equivalently, regardless of
the spatial orientation of the initial and final single-particle orbital. In the case of the deformed
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Figure 5. The induced pairing matrix elements Gind
αα′ (cf equation (10)) for the spherical nucleus

148Sm and the deformed nucleus 152Sm, plotted as a function of εα − λ (x-axis) and εα′ − λ

(y-axis), where λ is the Fermi energy.

nucleus, in contrast, one finds a small number of single-particle states whose diagonal matrix
element is very large. One can check that these orbitals have large angular momentum and low
projection along the symmetry axis. Their wavefunctions are thus strongly aligned (with the
deformation of the system). β-vibrations are thus particularly effective to induce scattering
processes between pairs of time-reversal orbits of this type.

The small number of sizeable off-diagonal matrix elements is of importance when we
solve the BCS equations by considering only the scattering induced by exchange of phonons
(cf figure 2(b)). As we can see from figure 6 (upper panel), these processes lead to a state-
dependent pairing gap peaked at the Fermi surface for the spherical nucleus 148Sm. In contrast
to the deformed nucleus 152Sm, the lack of a sufficient number of off-diagonal matrix elements
results in the trivial solution for the BCS equation, i.e. � = 0. The processes induced by
exchange of phonons are not able, alone, to produce off-diagonal correlations strong enough to
switch on the superfluid phase. In this respect, we observe that the BCS equations are usually
solved neglecting the term GααV 2

α in equation (4), because its effect is a simple renormalization
of the single-particle energies. However, in the present case, where the diagonal matrix
elements are much larger than the level spacings, this term plays an important role and must
be retained.

But this does not mean that we can neglect the induced interaction in the discussion of
the nuclear pairing properties for deformed nuclei. In fact, besides the induced interaction,
scattering between pairs of particles in time-reversal state is produced by the bare nucleon–
nucleon potential. We mimic the effects of this bare potential by using a constant matrix
element G0 = 16/A MeV (≈0.11 MeV) instead of G = 25/A MeV (≈0.18 MeV) when the
nucleons are scattered between states which lie 5 MeV within the Fermi energy. We chose
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Figure 6. Pairing gap �α , solution of the BCS equations, displayed as a function of the single-
particle energy measured from the Fermi energy, for different choices of the pairing matrix
elements: considering only the scattering produced by exchange of phonons (solid triangles),
considering only the constant G0 (solid dots), taking into account both these contributions (solid
squares). Note that in the case of 152Sm there is no solution (but the trivial �α = 0) associated
with the exchange of phonons alone (see discussion in the text).

this value of G0 because, on the average, it allows us to reproduce the experimental value of
the different nuclei we studied. We may appreciate the role of the induced interaction in the
deformed nucleus 152Sm by looking at the lower panel of figure 6. In this figure is shown the
BCS pairing gap obtained by using G0 = 16/A MeV alone or by adding to it the induced
pairing matrix elements Gind

αα′ .
In figure 7 we compare our results with experimental data. In the lower panel we display

the gap associated with the different Sm-isotopes obtained by averaging the corresponding
values of �α shown in figure 6, over an energy range of the order of twice the largest �α

value. In the case of 150Sm two different calculations were performed, the first one where
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Figure 7. Upper panel: the square root of the average value of the t, p-cross section calculated
making use of the results reported in [13] already shown in figure 3 (cf equation (17)). Lower
panel: the empirical values of the pairing gap for the different Sm-isotopes, derived from
equation (14), are compared with the theoretical results calculated by solving self-consistently
equations (2), (3), (10) and (11) using G0 + Gind

αα′ with G0 = 16/A MeV (≈ 0.11 MeV). Also
shown are the gaps obtained with only the bare pairing interaction, with G = 25/A MeV
(≈0.18 MeV).

the nucleus was assumed to be vibrational, and the second deformed. The large difference
between the structure parameters obtained testifies to the fact that the QRPA is not applicable
to the transitional nucleus 150Sm, and that anharmonicity effects are likely to be very large.
The value of � reported in figure 7 corresponds to the average between these two values. It
is seen that the pairing gap obtained by adding the induced pairing interaction to the constant
G0 = 0.11 MeV accounts for the experimental value. As a rule, if one neglects the induced
interaction contribution, a value of G = 0.18 MeV would be needed to obtain those averages.

In figure 8 we display the results of calculations carried out as discussed above for the
case of a number of well-deformed Gd, Dy and Er isotopes. We have chosen these isotopes
for convenience, because we can make use of the study presented in [23], where the deformation
parameters and the experimental information available for these nuclei are reported together
with the results of a QRPA calculation. We have used the same input data and reproduced
their results concerning the energies and the strengths of phonons.

Concerning the effects of the interaction induced by the exchange of phonons on the pairing
gap, we can draw similar conclusions as those obtained in the case of the deformed Sm-isotopes
presented above. The main contributions to Gind

αα′ arise from coupling of single-particle motion
to β- and γ -vibration, the contributions arising from octupole phonons being negligible.
In all these lanthanide isotopes, the induced interaction is not able alone to switch on a
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Figure 8. The empirical pairing gaps of a series of deformed Gd- (top), Dy- (middle) and Er-
isotopes (bottom), derived from the experimental masses making use of relation (14), are compared
with the theoretical values obtained by adding the induced interaction to a bare force with G0 =
0.11 MeV.

superfluid phase. However, it gives an appreciable contribution to the pairing gap, once it
is added to the bare nucleon–nucleon pairing force. In fact, one can reproduce the overall
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empirical values of the pairing gap using a constant G = 0.18 MeV. This value is reduced
to G0 = 0.11 MeV, including the induced interaction matrix elements between states lying
5 MeV within the Fermi energy.

4. Conclusions

The induced pairing interaction arising from the exchange of β, γ and octupole phonons
between pairs of single-particle states moving close to the Fermi energy accounts for ≈40%
of the pairing gap, the rest arising from the bare nucleon–nucleon interaction which can
be approximately described by a constant matrix element G = 0.11 MeV (≈16/A MeV)
between states which lie 5 MeV within the Fermi energy.
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