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Abstract

We present the first realistic and fully consistent model to study the vortex–nucleus interactionin
the inner crust of a rotating neutron star, where a gas of unbound superfluid neutrons threaded by
vortex lines coexists with a lattice of neutron-rich nuclei. Within the framework of the localden-
sity approximation, the model determines unambiguously the structure and radius of the vortex core
along the crust, and takes into account all energy contributions to evaluate the vortex–nucleus con-
figuration with lowest energy. The results show that, quite independent from the pairing interaction
used, pinning of vortices on nuclei occurs only in the deepest layers of the crust and even there the
average pinning forces are quite weak. If confirmed by complete quantum calculations, such a limited
region of weak nuclear pinning may be relevant to the explanation ofpulsar glitches.
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1. Introduction

One of the most challenging problems of modern nuclear physics is to explore and
understand the behavior of matter under extreme conditions of temperature and density, and
therefore determine the corresponding equation of state. Its knowledge is of key importance
for the physics of the early universe as well as for remarkable astrophysical phenomena
such as the gravitational collapse of massive stars and subsequent supernova explosion, the
formation and properties of compact stars, etc.

On the Earth, the properties of dense matter in the high-temperature domain are probed
by heavy-ion colliders. Nature, on the other hand, has provided us with a large number of
compact stellar objects which contain matter in one of the densest forms found in the Uni-
verse, namely neutron stars. The enormous gravitational pull compresses matter to central
densities that are up to one order of magnitude higher than what found in stable atomic nu-
clei (the nuclear saturation densityρ0 = 2.8×1014 g/cm3), rendering neutron stars unique
astrophysical probes of cold (the thermal energies in neutron stars are much lower than the
typical excitation energies) and stable super-dense matter.

Recent observations have shown that neutronstars are not rare stellar objects, but that
their number in our Galaxy is probably as large as 109. A rotating neutron star is born
with an enormous store of angular momentum and rotational energy (estimated to be
∼ 1055 MeV for the Crab Pulsar), which it radiates away slowly over millions of years
by electromagnetic radiation and a wind of electron–positron pairs. The main character-
istic of a pulsar is the emission of short pulses of radiation at very regular intervals, with
periods ranging from 1.6 ms to a few seconds. Although the star gradually spins down
due to the radiative processes, some very interesting irregularities have been observed in
the rotational frequencies of several pulsars, which can only be related to sudden changes
inside the neutron star itself. Numerous models have been proposed to explain the origin
of these sudden frequency spin-ups, called glitches, since they were first observed in 1969.
These include starquakes, vortex pinning, magnetospheric instabilities and instabilities in
the motion of superfluid neutrons.

A promising model [1] developed to explain the observed glitch behavior ofpulsars
is based on the formation of vortex lines in the neutron superfluid that is expected toex-
ist inside the star, following the dripping of neutrons out of nuclei. Indeed, in the inner
crust, which extends from the neutron drip density (ρd ≃ 4 × 1011 g/cm3) to the density
where individual nuclei disappear (ρc ≃ 0.6ρ0), a gas of unbound neutrons coexists with
a Coulomb lattice of heavy and very neutron-rich nuclei. As in the BCS theory of super-
conductivity, the neutrons with energies close to the Fermi energy are believed to pair and
form an isotropic1S0 superfluid. In a rotating neutron star, however, the neutron super-
fluid cannot co-rotate rigidly with the normal (i.e., non-superfluid) components of the star,
because superfluid flowmust be irrotational.

The only way a superfluid can reproduce macroscopically a rigid rotation is by de-
veloping an array of microscopic linear vortices, singular regions around which the su-
perfluid circulation is non-zero. With a uniform density of vortices per unit areanvort =
2mnΩ/(πh̄) (this is the Feynman–Onsager relation [2], wheremn is the neutron mass
andΩ is the star rotational frequency), the macroscopic velocity field,〈�v〉, satisfies the
rigid rotation relation�∇ × 〈�v〉 = 2 �Ω . The macroscopic velocity is an average over regions
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containing several vortices; for example,for the Crab Pulsar the mean distance between
vortices is of the order ofn−1/2

vort ∼ 10−2 cm, which sets the minimum scale for the macro-
scopic approach. Quantization of circulation around the vortices implies that the angular
momentum is quantized as well, each vortexrepresenting a quantum of angular momen-
tum. This means that a change in the vortex-line distribution, either by a distortion of the
configuration of the existing lines or by the creation of new lines or by the destruction of
existing ones, corresponds to a variation in the macroscopic velocity field.

As pointed out in Ref. [1], if the vortices in the inner crust pin to the nuclei of the lattice,
they are unable to migrate outwards; therefore the angular velocity of the superfluid,Ωs ,
cannot change since the vortex distribution is fixed. As the angular velocity of the normal
component of the star (which includes thenuclear lattice) decreases due to electromag-
netic braking, the difference between the angular velocities of the superfluid and the crust
grows. This differential motion will be the source of drag forces (Magnus force) which
eventually, when they overcome the pinning force, could cause glitches: indeed, according
to the model, the simultaneous unpinning of many vortex lines represents a sudden transfer
of the angular momentum stored in the vortices from the superfluid to the (normal) outer
crust and surface, and this in turn yields the observed speed-up of the rotational frequency.
The appeal of this model, if successful, is that pulsar glitches would be a direct evidence
of neutron superfluidity inside neutron stars and thus, indirectly, they could represent a
macroscopic probe of the microscopic nucleon–nucleon residual interaction.

A quantitative investigation of the effects proposed in the model is complicated since,
among other issues, the interaction of a single nucleus with a vortex line should be deter-
mined by computing the changes of the system total energy as a function of the relative
position between vortex and nucleus. A simpler approach is to calculate only the pinning
energy [3–5], defined as the difference in energy between two extreme configurations: one
with the vortex line fixed on a nucleus (nuclear pinning) and the other with the vortex line
in a position equidistant between two nuclei (interstitial pinning). The results of these cal-
culations are important to determine which kind of pinning is energetically favored along
the inner crust, as well as to evaluate the (average) pinning force.

Previous studies all predict nuclear pinning in the deeper layers of the inner crust, but
they give quite different values for the pinning energies in these regions. The first estimate
[3] considered only the difference in pairing condensation energy in the two cited configu-
rations, using a quite simplified model with uniform densities for both the nucleus and the
neutron gas. Later, it was pointed out [4] that also the difference in kinetic energy has to be
taken into account, and that it is necessary to use a realistic density profile for the nuclei
present in the inner crust [6], in order to consider their effect on the pairing energies. How-
ever, the method used in Ref. [4] to evaluate the pairing properties of the neutron superfluid
is based on the Landau–Ginzburg approximation, which is far from being applicable in the
inner crust. Indeed, the temperature there is practically zero (T ∼ 0.01 MeV), while in the
Landau–Ginzburg approach the temperature should be close to the critical value, that is
Tc ∼ 0.5 MeV. As a consequence, the authors of Ref. [4] must artificially rescale their re-
sults by large factors in order to reproduce experimental condensation energies for ordinary
nuclei.

To overcome this difficulty, a different approach was presented later [5], in which the
Thomas–Fermi model based on the Local Density Approximation (LDA) was used to de-
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scribe the pairing properties of the system. The rationale behind this choice is that, although
unable to describe correctly the density tail of a system, where the density goes to zero,
the LDA is expected to yield reasonable results for quantities averaged over the wholesys-
tem such as the energies, which are integrated over the Wigner–Seitz unit cells. In Ref. [5]
nuclear pinning was also found to occur at largedensities, as in previous studies, but the
calculated pinning energies were one order of magnitude lower than the ones obtained be-
fore. In spite of its known limitations, the LDA approach is to date the most satisfying
one, especially if one keeps in mind the difficulties of performing a quantum calcula-
tion for the complicated geometries of the vortex–nucleus configurations. When applied
to thermal properties of the inner crust of neutron stars (such as the specific heat of the
nuclear-lattice plus neutron-gas system), the LDA method yields results that are qualita-
tively similar to and compatible with those coming from a complete quantum calculation.
At the quantitative level, of course, the results are different as a consequence ofproximity
effects connected with the non-local nature of pairing. In the case of the specific heat, the
quantum results somehow ‘smooth out’ those coming from the LDA [7].

The results of Ref. [5], however, are not complete nor consistent, due to some assump-
tions that are basically incorrect. The first one is the definition of the vortex core which, as
in all previous calculations, is assumed to be the superfluid coherence lengthξ . This quan-
tity represents the distance from the vortex axis where the increase of kinetic energy, due
to the vorticose rotation of superfluid neutrons, equals the decrease in condensation energy,
due to the pairing of neutrons in Cooper pairs. The rationale behind this choice is that out-
side the radiusξ the negative condensational energy dominates the kinetic one, so that it is
energetically more convenient for matter to be superfluid and move irrotationally around
the vortex axis; conversely, inside this radius matter is in the normal state and atrest in a
frame comoving with the star normal component. However, this choice of the vortex core
is inconsistent with the Thomas–Fermi model,which describes the hydrostatic equilibrium
of a fermion gas subject to position-dependent potentials. Indeed, it is easy to show that
the pressures of the normal and superfluid phases, when calculated with the Thomas–Fermi
approach, are different atr = ξ so that the two phases cannot coexist there because they
are not in mechanical equilibrium. A second criticism to Ref. [5] is related to the structure
of the vortex line itself, since the core has always been taken as made of normal matter.
This is not necessarily true, because there exists the alternative possibility of a core empty
of matter, while still preserving hydrostatic equilibrium. Which one of the two scenarios,
normal or empty core, is actually adopted by the system depends on which corresponds to
the minimum total energy. One final criticism to the results of Ref. [5] is that onlythe con-
densational and kinetic energy were included, while neglecting the internal contribution to
the total energy.

The previous issues were answered by us in a recent Letter [8], where we presented a
fully consistent semi-analytical schematic model to study the vortex–nucleus interaction.
In the framework of the local density approximation and assuming a constant pairing gap
and a square-well nuclear potential, the model takes consistently into account all energy
contributions: condensational, kinetic and internal. It also determines unambiguously, by
global energy considerations and preservinghydrostatic equilibrium, the structure and ra-
dius of the vortex core. The results showed that, depending on the density and on the
vortex–nucleus configuration, the vortex cores could be either small and empty of matter
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or large and made of normal matter. More important, irrespective of the value of the pair-
ing gap, only interstitial pinning took place all along the inner crust, which is surprising
and totally in contrast with all previous calculations. However, although the calculations
performed in Ref. [8] are perfectly correct, the conclusions reached there arenot due to a
subtle point. Indeed, when comparing the energies of the different configurations we ne-
glected a term related to the small but crucial change in particle number, which follows
from keeping the chemical potential fixed.

In the present paper, we both correct the conclusions of Ref. [8] and develop a more
realistic version of the model, which goes beyond the schematic assumption of constant
pairing gap and square-well nuclear potential. Namely, we introduce density-dependent
gaps obtained from different nucleon–nucleonpairing interactions (Argonne and Gogny)
as well as Woods–Saxon potentials to represent the peculiar density structure of the nuclei
inside the inner crust [6]. The results show that the vortex cores are always made ofnormal
matter and have quite large radii. As in previous calculations, nuclear pinning is favored
deep inside the inner crust, but at quite larger densities than what found so far and with av-
erage pinning forces that are quite small. Ifconfirmed by complete quantum calculations,
the presence of only alimited region of weak nuclear pinningmay be relevant to the expla-
nation of pulsar glitches, and its consequences on the models for glitches should definitely
be tested.

In Section 2 we present in detail our physical model, while in Section 3 we give the
numerical results of the calculations using Argonne and Gogny pairing gaps. We finally
end the paper with some general conclusions.

2. Physical model

The microscopic structure of the inner crust of neutron stars was studied in Ref. [6] for
different average baryon densitiesρB in the framework of the Wigner–Seitz (WS) approx-
imation. That is, the regular lattice of neutron-rich nuclei is assumed to be divided into
unit spherical cells of radiusRWS, each containing a total numberN of neutrons and with
a single neutron-rich nucleus of radiusRN and diffusivity a at its center, characterized
by Z protons andNbound bound neutrons. The gas of unbound neutrons is characterized
by a number densitynG far away from the nucleus, and their total number in each cell
is Nfree = N − Nbound. In our model, however, we will consider vortex configurations in-
volving two WS-cells so that, in order to calculate consistently the energy differences, we
must takecubiccells with sideLWS = 2RWS. As a consequence, the number of unbound
neutrons must be renormalized toN ′

free = 6Nfree/π . In Table 1 we report the parameters
associated to five zones along the inner crust taken from Ref. [6]. More exotic nuclear
shapes, called ‘pasta’ and ‘lasagna’ phases, could appear in the inner crust for densities
aboveρc ∼ 1014 g/cm3, that is deeper than the zones we are going to consider in this
paper.

The LDA consists in assuming that a local neutron Fermi momentum,h̄kf (x), can be
defined as a function of the neutron number density,n(x), at that point. The (bound) pro-
tons, instead, decouple from the problem, only guaranteeing the existence of the neutron-
rich nucleus. In order to achieve hydrostatic equilibrium of the neutrons, however, the total
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Table 1
Physical parameters of the five zones of interest as calculated in Ref. [6]. The average baryon densities,ρB , are
given in g/cm3, the densities of the free neutron gas,nG, in fm−3, the radii of the WS-cells,RWS, those of the
nuclei,RN , and their diffusivities,a, in fm. The total number of neutrons in each cell, and the number of protons
and neutrons bound in nuclei are indicated byN , Z andNbound, respectively. The number of unbound neutrons,
renormalized to a cubic cell of sideLWS = 2RWS, is indicated byN ′

free

Zone 1 2 3 4 5

ρB 1.5× 1012 9.6× 1012 3.4× 1013 7.8× 1013 1.3× 1014

nG 4.8× 10−4 4.7× 10−3 1.8× 10−2 4.4× 10−2 7.4× 10−2

RWS 44.0 35.5 27.0 19.4 13.77
RN 6.0 6.7 7.3 6.7 5.2
a 0.77 0.83 0.94 1.12 1.25
N 280 1050 1750 1460 950
Z 40 50 50 40 32
Nbound 110 110 110 70 40
N ′

free 324 1795 3132 2654 1738

chemical potentialµ of the system must be constant, independent of position. AtT = 0,
the chemical potential coincides with the Fermi energy; this zero-temperature case is a
good approximation for the inner crust of a neutron star, due to the fact that the typical
crust temperatures (T ∼ 0.01 MeV) are much lower than the typical critical temperatures
of pairing (Tc ∼ 0.5 MeV). The Fermi energy of the neutrons in a WS-cell is given by the
sum of local terms,µi(x), that are associated to the Fermi internal energy (i.e., calculated
in the free Fermi gas model), to the nuclear energy coming from the central nucleus (and
which accounts for the bound neutrons), to the kinetic energy arising from the vorticose
superfluid motion and to the condensation energy due to the pairing of the superfluid neu-
trons. We remind that the last two terms are zero in the case of a normal phase. These local
chemical potentials can be obtained from thecorresponding energy densities in the stan-
dard way, that isµi(x) = (δεi(x))/(δn(x)). Note that the energy densities,εi(x), depend
on position through their dependence on the neutron number density. As for the (constant)
gravitational termµgrav ∼ −102 MeV, due to core of the star and which guarantees that
the system of neutrons is altogether bound, it is included as a shift in the Fermi energyµ

which therefore results positive.
As already mentioned, in the LDA framework all quantities depend on position via the

neutron local Fermi momentum̄hkf (x), which is related to the number density of neu-
tronsn(x) by the usual expressions 3π2n(x) = kf (x)3. The four local chemical potentials
are given below together with the corresponding energy density expressions. The Fermi
internal terms are

εfer(x) =
3

5

h̄2k2
f (x)

2mn

n(x), µfer(x) =
h̄2k2

f (x)

2mn

, (1)

wheremn is the neutron mass. The nuclear terms due to a Woods–Saxon potential of depth
U0, radiusRN and diffusivitya are

εnuc(x) =
−U0

1+ e
r−RN

a

n(x), µnuc(x) =
−U0

1+ e
r−RN

a

, (2)



P. Donati, P.M. Pizzochero / Nuclear Physics A 742 (2004) 363–379 369

wherer is the distance from the center of the nucleus. The kinetic terms due to the irrota-
tional motion around the vortex axis are

εkin(x) =
h̄2

8mnR2n(x), µkin(x) =
h̄2

8mnR2 , (3)

whereR is the distance from the vortex axis. Finally, the pairing condensation terms are

εcon(x) = −
3

8

∆2(x)n(x)

µfer(x)
,

µcon(x) = −
∆2(x)

8µfer(x)

[

1+ 6
n(x)

∆(x)

δ∆(x)

δn(x)

]

, (4)

where the second term in the condensational chemical potential comes from the density
dependence of the pairing gap, that is∆(x) = ∆[n(x)].

The calculation requires choosing the neutron gap, that is the neutron pairing inter-
action. On the one hand, calculations of the energy gap based on realistic microscopic
nucleon–nucleon interactions (e.g., Paris and Argonne interactions) have been performed,
which have the problem of not considering the induced interaction produced by the sur-
rounding medium of nucleons. On the other hand, effective potentials (e.g., Gogny and
Skyrme interactions) have also been used, but these have been developed for ordinary fi-
nite nuclei and it is not clear how they work for bulk neutron-rich matter. The values of
the gaps with effective interactions are generally larger than those with realistic potentials.
Since the nature of the pairing interaction is not the issue we want to address in this paper,
in what follows we will use the neutron pairing gaps obtained from Argonne’s potential
and Gogny’s effective interaction as benchmarks.

For anygivenvalue ofµ, one can determine the neutron densityn(x) for the normal
and superfluid phases as a function of position in the cell using the Thomas–Fermiansatz
that the Fermi energy is independent on position. In particular, the density of the normal
phase,nn(x), is obtained from the constraint

µ = µfer(x) + µnuc(x), (5)

while the density of the superfluid phase,ns(x), is derived from

µ = µfer(x) + µnuc(x) + µkin(x) + µcon(x). (6)

From the calculated values of the neutron density, the total energy of the WS-cell can then
be obtained for either phase by integration over the volume of the cell of the respective
total energy densities, that is

εtot,n(x) = εfer(x) + εnuc(x) (7)

for the normal phase and

εtot,s(x) = εfer(x) + εnuc(x) + εkin(x) + εcon(x) (8)

for the superfluid one.
One can also calculate the normal and superfluid pressures, using the standard definition

P(x) = n2(x)
δ[εtot(x)/n(x)]

δn(x)
. (9)
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Fig. 1. The two vortex–nucleus configurations used in ourcalculation: interstitial pinning (IP, left) and nuclear
pinning (NP, right). The cubes indicate the WS-cells, the spheres representthe nuclei in the middle of the cell and
the cylinders picture the position of the vortex core.

The pressure in the normal phase is then equal to

Pn(x) =
2

5

h̄2k2
f,n(x)

2mn

nn(x) =
2

5
µfer,n(x)nn(x), (10)

while that in the superfluid phase is given by

Ps(x) =

[

2

5
µfer,s(x) +

1

4

∆2(x)

µfer,s(x)
−

3

4

∆(x)ns(x)

µfer,s(x)

δ∆(x)

δn(x)

]

ns(x). (11)

We can now describe the vortex–nucleus configurations in our model. We start by con-
sidering two cubic WS-cells, over which we will integrate the energies, and we put them
adjacent along a direction labeled as thex-axis. The vortex axis is aligned along thez di-
rection. At the center of each cell we have a nucleus and in the leftmost one we put the
origin of our Cartesian system of reference, so that the other nucleus lies on thex-axis.
The nuclear pinning (NP) configuration has the vortex passing through the nucleus at the
origin. The interstitial pinning (IP) configuration has the vortex equidistant between the
two nuclei (see Fig. 1).

So far, when discussing the neutrons in the WS-cell we have implicitly assumed that
they were all either in the normal phase (and thus without any vortex) or in the superfluid
phase (with one vortex-line singularity in the NP or IP configuration). However, the usual
hybrid state used in all previous calculations of pinning is also possible in the Thomas–
Fermi approach, namely the neutrons in the cell can be superfluid everywhere except in
the so-called vortex core, an axially symmetric region around the vortex axis where they
are normal. In order to fulfill the condition of hydrostatic equilibrium of the model, the
pressure of the normal phase must be equal to that of the superfluid one all along the
boundary of the vortex core. The thermodynamical equilibrium is already guaranteed by
taking the sameµ for both phases.

More precisely, in the present semi-classical picture there are only two possible struc-
tures for a vortex which are consistent with mechanical equilibrium. The ‘mixed’ phase,
in which an axially symmetric surface coaxial with the vortex,SM (z), is determined by
the conditionPs(x) = Pn(x); in this phase matter is normal insideSM (z) and superfluid
outside (normal core). The ‘pure’ phase, in which matter is always superfluid, but with its
density going smoothly to zero along some other axially symmetric surface coaxial with the
vortex,SP (z), determined by the conditionns(x) = 0; in this phase there are no neutrons
insideSP (z) (empty core). We point out that the surfacesSM (z) andSP (z) unambiguously
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describe the vortex cores in the two phases; the radii of their circular transverse sections
depend on thez coordinate in the case of the NP configuration, where the nucleus breaks
the symmetry along the vortex axis; conversely,SM (z) andSP (z) are basically cylinders in
the IP configuration. We also observe that, in the case of the ‘mixed’ phase, while the neu-
tron pressure is continuous along the surfaceSM (z), the neutron density and total energy
density both present a discontinuity along it.

The thermodynamically stable phase actually chosen by the system will be the one
with minimum total energy. This follows from the standard minimization conditionfor the
Helmholtz free energyF = E − T S (we are considering a system with fixed temperature,
T = 0, and fixed volume,V = 2L3

WS = 16R3
WS) and from the fact thatF = E at zero

temperature.

3. Calculations and results

In this section we will show the results that are obtained when the model described
above is applied to the five zones of the inner crust (see Table 1).

We first have to find, for each zone, the value of the constant Fermi energyµ which is
needed to calculate the neutron densityn(x). Since, according to the Feynman–Onsager
relation [2], the mean spacing between vortex lines is orders of magnitude larger than
RWS for even the fastest pulsars, we can take the vortices as isolated. Moreover, the 1/R2

behavior of the kinetic term guarantees that the effect of the vortex becomes negligible as
one moves away from the vortex axis. Indeed, we find that the ratioµkin(x)/µ between the
kinetic contribution and the Fermi energy is already as small as 10−3 atR = RWS, so that
in practice the kinetic term can be neglected outside the WS-cell containing the vortex.
Therefore, the vortex is actually surrounded by regular (without vortex) superfluid cells,
which determine the constant value ofµ. In other words, the surrounding cells act as a
particle bath, which exchange neutrons with the vortex region in such a way as to maintain
µ fixed. We therefore take a single superfluid cubic cell without vortex as the system from
which to calculateµ.

The Fermi energyµ as well as the potential depthU0 have then been obtained for
each zone by an iterative procedure which integrates over a single vortex-free superfluid
cell the densityn0(x), calculated from Eq. (6) butwithout the kinetic term, in such a way
as to get the required numbers of neutronsNbound andN ′

free that are, respectively, bound
in or free from the nuclear potential. We notice that in the LDA the (effective) potential
depthU0 of the nuclear potential is calculated for each zone and it is determined byNbound
alone, once the nuclear radius and diffusivity are given. Using these values ofµ, U0 and
the final neutron densityn0(x), the total energy of a vortex-free cell,E0,tot, is obtained
by integrating over the cell volume the total energy density of Eq. (8) (without the kinetic
term). The results of this calculations are shown in Tables 2 and 3 for the Argonne and
Gogny pairing gap, respectively.

Having determined the important physical parameters needed in our model, we can now
proceed to analyze the nuclear and interstitial pinning configurations for each of the five
zones of interest, and this for both Argonne and Gogny pairing gaps. This means that, as
described above, we must calculate for eachconfiguration the neutron density correspond-
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Table 2
Physical parameters of the five zones in the inner crust calculated withArgonne pairing gap. The depth of the
nuclear potential,U0, and the Fermi energy,µ, are given in MeV. The energy terms for one cubic WS-cell without
vortex are also reported in MeV andE0,tot = E0,fer + E0,nuc+ E0,con

Zone 1 2 3 4 5

U0 52.23 41.51 35.05 30.36 33.76
µ 1.02 5.45 14.32 24.82 36.79
E0,fer 2957.38 9166.78 31260.69 43369.09 41707.09
E0,nuc −4430.99 −4371.73 −5606.30 −4907.10 −4159.78
E0,con −40.20 −493.04 −568.60 −97.65 −2.84
E0,tot −1513.82 4302.01 25085.79 38364.34 37544.46

Table 3
Physical parameters of the five zones in the inner crust calculated with Gogny pairing gap. See Table 2 for an
explanation of the entries

Zone 1 2 3 4 5

U0 52.21 41.47 34.97 30.19 33.40
µ 1.03 5.34 14.13 24.79 36.89
E0,fer 2952.55 9137.87 31202.18 43336.30 41694.28
E0,nuc −4423.83 −4338.83 −5536.42 −4847.20 −4101.89
E0,con −39.51 −578.50 −1014.51 −452.17 −87.40
E0,tot −1510.79 4220.53 24651.25 38036.93 37504.98

ing to either the ‘pure’ phase (all superfluid neutrons) or the ‘mixed’ phase (superfluid and
normal neutrons matched by the pressure condition). Of the two possibilities correspond-
ing to a given configuration, the system will choose the one with minimum total energy,
which we must determine case by case.

When comparing energies, however, one must remember that different configurations
can have different number of particles in the fixed volume over which the energies are inte-
grated (from now on, the two adjacent cubic WS-cells); this is a consequence of fixing the
value for the chemical potential. Although the fractional changes in total particle number
(�N/N ) are quite small, the effect on the total energy cannot be neglected when study-
ing the vortex–nucleus interaction. This is the point we have overlooked in Ref. [8], and
which led to incorrect conclusions about the pinning. Now, if the number of particlesN in
a fixed volume changes by�N , one must account for their additional energy in order to
compare systems with equal particle number. Since these�N particles are exchanged with
the particle bath, one must add to the total energy of the volume a term�Eµ = −µ�N . Of
course, this is equivalent to the standard formal procedure of minimizing the expectation
value of the operator̂H ′ = Ĥ − µN̂ , instead of that of the Hamiltonian̂H alone, when the
particle number is not fixed.

The results are summarized in six tables. In Tables 4 to 7 the energies for the vortex–
nucleus configurations are given relative to the values corresponding to a system oftwo
vortex-free cells. Therefore, we actually list the differencesδE between the energy of two
cells with and without vortex. In the last line we indicate the phase with minimum total
energy. In Tables 8 and 9 we give the calculated radii of the vortex core at its center (in the
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Table 4
Results for the ‘pure’ (P) and ‘mixed’ (M) phases, calculated with Argonne pairing gap in the NP configuration.
The energies are reported as differencesδE between the energy of two cells with and without vortex, they are
given in MeV andδEtot = δEfer+δEnuc+δEµ +δEkin +δEcon. The last line indicates the phase with minimum
total energy

Nuclear pinning (Argonne)

Zone 1 2 3 4 5

δEfer (M) −4.66 −35.38 −54.84 76.34 6.18
δEfer (P) −187.44 −228.52 −365.09 −449.50 −497.22
δEnuc (M) −0.55 −1.47 −2.46 −2.38 −0.18
δEnuc (P) 201.55 175.48 175.38 147.58 135.16
δEµ (M) 4.56 35.25 57.55 −74.10 −6.03
δEµ (P) 10.50 78.70 230.12 351.99 419.26
δEkin (M) 3.29 21.83 42.13 5.52 0.00
δEkin (P) 98.96 124.50 205.50 249.53 273.99
δEcon (M) 2.83 8.25 14.69 22.76 0.62
δEcon (P) 0.95 2.72 0.42 −0.65 −0.10
δEtot (M) 5.46 28.49 57.08 28.14 0.59
δEtot (P) 124.52 152.88 246.34 298.96 331.09

Phase M M M M M

Table 5
Results for the ‘pure’ (P) and ‘mixed’ (M) phases, calculated with Argonne pairing gap in the IP configuration.
See Table 4 for an explanation of the entries

Interstitial pinning (Argonne)

Zone 1 2 3 4 5

δEfer (M) −5.27 −40.49 −69.05 91.45 8.87
δEfer (P) −6.14 −55.22 −166.39 −267.03 −324.60
δEnuc (M) 0.01 0.04 0.12 −0.60 −0.04
δEnuc (P) 0.01 0.04 −0.12 0.38 1.31
δEµ (M) 4.63 38.75 69.00 −91.15 −8.81
δEµ (P) 5.87 57.69 182.53 295.37 359.27
δEkin (M) 2.16 21.23 45.16 5.22 0.00
δEkin (P) 2.96 31.67 98.05 149.67 179.92
δEcon (M) 1.30 7.41 17.06 28.28 0.93
δEcon (P) 0.93 3.20 0.85 −0.89 −0.18
δEtot (M) 2.83 26.94 62.29 33.20 0.94
δEtot (P) 3.62 37.37 114.92 177.50 215.71

Phase M M M M M

two configurations and for both phases), that is of the normal circular sections ofSM (z)

andSP (z) at z = 0. We also report the associated coherence lengthsξ(z) (for both config-
urations and again atz = 0), defined as the radii of the surface whereεkin(x) = |εcon(x)|,
a natural extension of the standard constant-density definition. In this respect, we point
out that from Eqs. (1)–(11) and after some algebra one obtains�P = −�εtot + µ�n,
where�P = Ps(x) − Pn(x), �εtot = εtot,s(x) − εtot,n(x) and�n = ns(x) − nn(x) (this
also follows directly from the definition atT = 0 of the thermodynamical potential per
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Table 6
Results for the ‘pure’ (P) and ‘mixed’ (M) phases, calculated with Gogny pairing gap in the NP configuration.
See Table 4 for an explanation of the entries

Nuclear pinning (Gogny)

Zone 1 2 3 4 5

δEfer (M) −1.09 −33.19 −69.45 −31.34 71.26
δEfer (P) −187.62 −228.60 −362.92 −444.77 −497.02
δEnuc (M) −4.34 −6.83 −8.74 −7.55 −4.01
δEnuc (P) 201.61 174.86 174.38 146.60 134.27
δEµ (M) 4.76 37.62 77.27 39.10 −67.22
δEµ (P) 10.70 78.35 227.01 347.83 420.37
δEkin (M) 4.52 24.52 53.25 43.11 0.00
δEkin (P) 98.87 123.76 204.11 248.76 273.73
δEcon (M) 5.62 13.45 20.90 25.18 22.26
δEcon (P) 0.86 3.63 2.09 −0.42 −0.60
δEtot (M) 9.46 35.57 73.24 68.50 22.29
δEtot (P) 124.41 152.00 244.66 298.00 330.75

Phase M M M M M

Table 7
Results for the ‘pure’ (P) and ‘mixed’ (M) phases, calculated with Gogny pairing gap in the IP configuration. See
Table 4 for an explanation of the entries

Interstitial pinning (Gogny)

Zone 1 2 3 4 5

δEfer (M) −5.36 −44.21 −95.94 −59.90 79.65
δEfer (P) −6.22 −56.63 −167.11 −262.35 −324.15
δEnuc (M) 0.01 0.12 −0.11 0.27 −0.86
δEnuc (P) 0.01 0.05 −0.04 0.29 1.31
δEµ (M) 4.75 41.58 94.78 59.86 −78.89
δEµ (P) 6.02 58.01 180.88 289.81 359.41
δEkin (M) 2.04 21.87 54.62 48.19 0.00
δEkin (P) 2.93 31.50 98.04 150.21 180.27
δEcon (M) 1.26 8.27 18.16 27.53 28.25
δEcon (P) 0.86 4.29 3.23 0.02 −0.77
δEtot (M) 2.70 27.63 71.51 75.96 28.16
δEtot (P) 3.61 37.22 115.00 177.98 216.08

Phase M M M M M

unit volumeω = εtot − µn = −P ). In the simple constant-density models one has�n = 0
everywhere so that the condition�P = 0, which defines the vortex core in the ‘mixed’
phase (i.e., the surface where the two phases are in thermodynamical and mechanical equi-
librium), is equivalent to�εtot = 0, namely that the total energy density is continuous at
the phase interface. In turn, this impliesεkin(x) = |εcon(x)| sincens = nn; therefore, if the
density variations are neglected, our definition of the vortex core is equivalent to the stan-
dard definition of the coherence length. In the general case with varying density, instead,
the condition�P = 0 implies that�εtot − µ�n = �ω = 0, which is the correct quantity
to be continuous at the phase interface for a system with fixed volume and variable particle
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Table 8
Radii of the vortex core and coherence lengths calculated atz = 0 with Argonne pairing gap. The central radii
rc(P ) andrc(M) of the ‘pure’ and ‘mixed’ phases and the central coherence lengthξ(0) are evaluated for the NP
and IP configurations, and are given in fm

rc (P) rc (M) ξ(0)

Zone NP IP NP IP NP IP

1 0.32 2.30 6.54 7.10 6.54 7.02
2 0.34 0.98 7.26 4.34 7.25 4.34
3 0.33 0.61 8.55 5.22 8.54 5.20
4 0.31 0.46 11.77 11.38 11.71 11.30
5 0.28 0.38 8.62 8.62 8.62 8.62

Table 9
Radii of the vortex core and coherence lengths calculated atz = 0 with Gogny pairing gap. See Table 8 for an
explanation of the entries

rc (P) rc (M) ξ(0)

Zone NP IP NP IP NP IP

1 0.32 2.25 5.98 7.91 5.97 7.76
2 0.34 0.99 6.47 4.08 6.46 4.07
3 0.33 0.61 7.30 3.94 7.29 3.93
4 0.31 0.46 7.79 5.35 7.78 5.33
5 0.28 0.38 8.62 8.62 8.62 8.62

number (the potentialω = εtot − µn is the energy density associated to the Hamiltonian
Ĥ ′ = Ĥ − µN̂ ).

We now make a few observations about these intermediate results:

(i) The ‘mixed’ phase is always favored in the LDA. Such a vortex structure, that was
assumed without explanation in all previous calculations of pinning, is thus justified
in the LDA by energy considerations. We point out that this result follows from the
inclusion of all energy terms, none of them being negligible in magnitude as compared
to the others.

(ii) The fact that in several casesδEtot > 0 (i.e., the system of two WS-cells has a lower
energy when no vortex is present) should not surprise, because the existence of vor-
tices follows from globalmacroscopicenergy arguments, not on the local energy
balance of two cells.

(iii) The vortex cores are about one order of magnitude larger in the ‘mixed’ phase than
in the ‘pure’ one. Since the LDA is known to describe poorly the low-density tail of
a system, it is satisfying that in the subsequent calculations we have to use always
the ‘mixed’ phase, whose density never goes to zero. When compared to the corre-
sponding coherence lengths, instead, the radii of the normal cores differ by less than
one percent. Therefore, the simple assumption of a core radius equal toξ is actually
a good approximation. We expect that, in a complete quantum calculation, this will
translate into an order parameter (e.g., the gap) going to zero over a length scale of
orderξ .
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Table 10
Difference in total number of neutrons�N = N (NP) − N (IP) and energy differences�E = E(NP) − E(IP)

between the configuration with nuclear pinning and that with interstitial pinning, calculated with Argonne pairing
gap. The energies are given in MeV and�Etot = �Eint + �Ekin + �Econ, where the internal contribution is
defined as�Eint = �Efer + �Enuc+ �Eµ

Argonne

Zone 1 2 3 4 5

�N 0.06 0.64 0.80 −0.69 −0.08
�Efer 0.61 5.11 14.22 −15.10 −2.68
�Enuc −0.56 −1.51 −2.58 −1.79 −0.14
�Eµ −0.07 −3.50 −11.45 17.05 2.78
�Eint −0.02 0.10 0.19 0.16 −0.04
�Ekin 1.12 0.61 −3.03 0.30 0
�Econ 1.53 0.84 −2.37 −5.52 −0.31
�Etot 2.6 1.6 −5.2 −5.1 −0.4

Table 11
Difference in total number of neutrons�N = N (NP) − N (IP) and energy differences�E = E(NP) − E(IP)

between the configuration with nuclear pinning and that with interstitial pinning, calculated with Gogny pairing
gap. See Table 10 for an explanation of the entries

Gogny

Zone 1 2 3 4 5

�N −0.01 0.74 1.24 0.84 −0.32
�Efer 4.27 11.02 26.49 28.56 −8.40
�Enuc −4.35 −6.94 −8.63 −7.82 −3.15
�Eµ 0.01 −3.97 −17.51 −20.75 11.66
�Eint −0.07 0.11 0.35 −0.01 0.11
�Ekin 2.48 2.65 −1.36 −5.09 0
�Econ 4.36 5.17 2.74 −2.35 −5.99
�Etot 6.8 7.9 1.7 −7.5 −5.9

We are finally able to evaluate the difference in energy between the nuclear pinning
and the interstitial pinning configurations for each zone in the case of Argonne and Gogny
pairing gap, taking always the ‘mixed’ structure for the vortex. The results are reported
in three tables. In Tables 10 and 11 we list the differences�E = E(NP) − E(IP) between
the NP and the IP configurations for both pairing interactions. For sake of comparison
with previous calculations, we define the difference in internal contribution as�Eint =
�Efer + �Enuc + �Eµ, namely all terms other than kinetic and condensational, so that
�Etot = �Eint + �Ekin + �Econ. Obviously,�Etot represent the quantity of interest to
us, namely the pinning energy. When�Etot < 0 the vortex pins to the nucleus, that is
nuclear pinning is favored energetically.

In Table 12 we compare the (nuclear) pinning energies,ENP, and the average (nuclear)
pinning forces,FNP, obtained from our calculation to previous results found in the litera-
ture, in particular those coming from the Landau–Ginzburg approximation [4]. The pinning
force is actually the physical quantity that appears in model calculations trying to explain
pulsar glitches by vortex unpinning. Since�Etot represents the difference in energy be-
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Table 12
Comparison of the (nuclear) pinning energies,ENP, and of the average (nuclear) pinning forces,FNP, calculated
in this work for the Argonne and Gogny pairing interaction and those obtained in Ref. [9] from the data of Ref. [4].
The energies are given in MeV, the forces in MeV/fm, while ‘–’ indicates interstitial pinning

ENP FNP

Zone Argonne Gogny Ref. [9] Argonne Gogny Ref. [9]

1 – – – – – –
2 – – 0.4 – – 0.11
3 5.2 – 15 0.19 – 3.6
4 5.1 7.5 9 0.26 0.38 1.9
5 0.4 5.9 5.4 0.03 0.43 1.7

tween two configurations where the vortex has been moved by a distanceRWS, the average
(nuclear) pinning force per (nuclear) pinning site is naturally defined as

FNP =
ENP

RWS
, ENP = |�Etot|. (12)

This definition holds only for the case of nuclear pinning, that is when�Etot < 0. Indeed,
when interstitial pinning occurs the pinning force is orders of magnitude smaller than what
one would obtain from Eq. (12), as discussed in Ref. [9] where it was found thatFIP ∼
10−5–10−3 MeV/fm depending on the density. Consequently we have reported the pinning
forces only for the case of pinning on nuclei.

The results presented in the last tables deserve some comments:

(i) As before, none of the energy terms is negligible in magnitude as compared to the
others. In particular, although the change in total number of neutrons is very small,
the associated change in energy�Eµ can be quite large.

(ii) When the terms�Efer, �Enuc and�Eµ are summed up in�Eint, this internal contri-
bution is small in magnitude as compared to the remaining kinetic and condensational
terms,�Ekin and�Econ. Therefore, as a first rough approximation one could neglect
the internal contribution.

(iii) Nuclear pinning occurs only in zones 3 to 5 (ρ > 3.4×1013 g/cm3) with the Argonne
gap and in zones 4 and 5(ρ > 7.8×1013 g/cm3) with the Gogny gap. When compared
to the results of Ref. [4], who found pinning on nuclei in zones 2 to 5 (ρ > 9.6 ×
1012 g/cm3), we see that the LDA predicts nuclear pinning only in a limited density
range.

(iv) The average (nuclear) pinning forces are small and altogether quite independent in
magnitude from the pairing interaction used. ComparingENP andFNP to the results
of the Landau–Ginzburg approximation [4] (where an interaction very similar to Ar-
gonne was used), we see that the LDA predicts quite weak nuclear pinning.

(v) The results listed for the average forces represent a lower bound for the real (nuclear)
pinning forces as a function of distance from the nucleus. To calculate the latter,
however, one would have to deal with a less symmetric and thus more complicated
problem.

(vi) When computing the kinetic energy contribution due to vorticose motion, we intro-
duce a cut-off for hydrodynamical consistency. Namely, we assume a 1/R velocity
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profile only forR < RWS − RN (and zero outside) in order not to violate the conti-
nuity equation at the nucleus in the IP configuration. This means that the results for
�Ekin (and thence for�Etot) should be corrected, to account for the effect of the
nucleus on the neutron flow in the IP configuration. An analytical calculation was per-
formed in Ref. [4] for a constant-density nucleus far away from the vortex line, and it
can be used to evaluate the order of magnitude of such a correction. We found that one
should subtract from�Etot a small correction (� 0.1 MeV). To point out this known
uncertainty, in the last line of Tables 10 and 11 we reported the energies rounding
them off to one decimal figure.

4. Conclusions

We have presented in full detail the first fully consistent and realistic treatment of
vortex–nucleus interaction in the inner crust of neutron stars. Within the framework of
the local density approximation, the model determines the configurations with lowest en-
ergy, while ensuring thermodynamical and mechanical equilibrium. The main conclusions
of the present work can be summarized as follows:

(i) The most stable structure for a vortex is that with a core made of normal matter, whose
radius is very close to the local superfluid coherence lengthξ(z).

(ii) The nature of pinning (nuclear or interstitial) is determined mostly by the kinetic and
condensational contributions. The internal term gives only a small correction, negligi-
ble at a first rough approximation.

(iii) Pinning on nuclei appears only in a quite limited density range, when comparedto
previous studies.

(iv) The average (nuclear) pinning forces are quite small, when compared to previous
studies.

(v) The nuclear pinning properties are not too sensitive to the pairing interaction used. Ar-
gonne gives nuclear pinning at somewhat lower densities, while Gogny gives slightly
larger pinning forces.

Of course, these results also require some caveats. The main one is the semi-classical
nature of the model which cannot describe the proximity effects due to the non-local na-
ture of pairing. In that respect, a complete quantum calculation is needed. The work of
Ref. [10], based on the nuclear energy density functional approach, is a promising step
in that direction. Another issue is the real nature of the pairing interaction in the exotic
matter found in the inner crust of neutron stars, where neutron-rich heavy nuclei co-exist
with unbound superfluid neutrons. Finally, we must remember that the pinning forces we
obtained here are only average values, lower bounds to the maximum value of the distance-
dependent forceFNP(s) (with s the distance between vortex and nucleus); this maximum
value is what must be overcome by the Magnus force in order to actually unpin the vortex.
We plan to address this issue within the framework of the LDA in a future paper.

The conclusions reached in the present paper are likely to be relevant for any explanation
of pulsar glitches based on depinning of vortices from the nuclear lattice. Therefore, the
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(nuclear) pinning energies obtained here should be introduced as an input in macroscopic
models for vortex depinning. Whether this will improve the agreement between theory and
observations, or rather make it impossible, is a fully open issue.
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