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Abstract

We present the first realistic and fully consistent model to study the vortex—nucleus intemaction
the inner crust of a rotating neutron star, where a gas of unbound superfluid neutrons threaded by
vortex lines coexists with a lattice of neutron-rich nuclei. Within the framework of the eal
sity approximation, the model determines unambiguously the structure and radius of the vortex core
along the crust, and takes into account all energy contributions to evaluate the vortexsnuanh-
figuration with lowest energy. The results show that, quite independent from the pairing ioteract
used, pinning of vortices on nuclei occurs only in the deepest layers of the crust and even there the
average pinning forces are quite weak. If confirmed by complete quantum calculations, such alimited
region of weak nuclear pinning may be relevant to the explanatiguilsar glitches.
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1. Introduction

One of the most challenging problems of modern nuclear physics is to explore and
understand the behavior of matter under exeeonditions of temperature and density, and
therefore determine the corresponding equation of state. Its knowledge is of key importance
for the physics of the early universe as well as for remarkable astrophysical phenomena
such as the gravitational collapse of massive stars and subsequent supernova explosion, the
formation and properties of compact stars, etc.

On the Earth, the properties of dense matter in the high-temperature domain are probed
by heavy-ion colliders. Nature, on the other hand, has provided us witlyatamber of
compact stellar objects which contain matter in one of the densest forms found in the Uni-
verse, namely neutron stars. The enormous gravitational pull compresses matter to central
densities that are up to one order of magdé higher than what found in stable atomic nu-
clei (the nuclear saturation densjty = 2.8 x 1014 g/cm®), rendering neutron stars unique
astrophysical probes of cold (the thermal energies in neutron stars are much lower than the
typical excitation energies) and stable super-dense matter.

Recent observations have shown that neusttans are not rare stellar objects, but that
their number in our Galaxy is probably as large a$.1® rotating neutron star is born
with an enormous store of angular momentum and rotational energy (estimated to be
~ 10°° MeV for the Crab Pulsar), which it radiates away slowly over millions of years
by electromagnetic radiation and a wind of electron—positron pairs. The main character-
istic of a pulsar is the emission of short pulses of radiation at very regular intewitts
periods ranging from .6 ms to a few seconds. Although the star gradually spins down
due to the radiative processes, some very interesting irregularities have been observed in
the rotational frequencies of several pulsars, which can only be related to sudden changes
inside the neutron star itself. Numerous models have been proposed to explain the origin
of these sudden frequency spin-ups, called yék; since they were first observed in 1969.
These include starquakes, vortex pinning, magnetospheric instabilities andliitnessalh
the motion of superfluid neutrons.

A promising model [1] developed to explain the observed glitch behaviqutgars
is based on the formation of vortex lines in the neutron superfluid that is expeotgd to
ist inside the star, following the dripping of neutrons out of nuclei. Indeed, in the inner
crust, which extends from the neutron drip densjiy £ 4 x 1011 g/cm?) to the density
where individual nuclei disappeap{~ 0.600), a gas of unbound neutrons coexists with
a Coulomb lattice of heavy and very neutron-rich nuclei. As in the BCS theory of super-
conductivity, the neutrons with energies close to the Fermi energy are believed to pair and
form an isotropic'Sy superfluid. In a rotating neutron star, however, the neutron super-
fluid cannot co-rotate rigidly with the normal (i.e., non-superfluid) components of the star,
because superfluid flomust be irrotational.

The only way a superfluid can reproduce macroscopically a rigid rotation is by de-
veloping an array of microscopic linear vortices, singular regions around which the su-
perfluid circulation is non-zero. With a uniform density of vortices per unit aiga =
2m, 2 /(zwh) (this is the Feynman—Onsager relation [2], wherg is the neutron mass
and £2 is the star rotational frequency), the macroscopic velocity figlil, satisfies the
rigid rotation relationv x (¥) =22.The macroscopic velocity is an average over regions
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containing several vortices; for exampfer the Crab Pulsar the mean distance between
vortices is of the order oi;olr{z ~ 10~2 cm, which sets the minimum scale for the macro-
scopic approach. Quantization of circulation around the vortices implies that the angular
momentum is quantized as well, each vortegresenting a quantum of angular momen-
tum. This means that a change in the vortex-line distribution, either by a distortion of the
configuration of the existing lines or by the creation of new lines or by the destruction of
existing ones, corresponds to a variation in the macroscopic velocity field.

As pointed out in Ref. [1], if the vortices in the inner crust pin to the nuclei of the lattice,
they are unable to migrate outwards; therefore the angular velocity of the supeluid,
cannot change since the vortex distribution is fixed. As the angular velocity of the normal
component of the star (which includes theclear lattice) decreases due to electromag-
netic braking, the difference between the angular velocities of the superfluid and the crust
grows. This differential motion will be the source of drag forces (Magnus force) which
eventually, when they overcome the pinning force, could cause glitches: indeed, according
to the model, the simultaneous unpinning of many vortex lines represents a sudden transfer
of the angular momentum stored in the vortices from the superfluid to the (normal) outer
crust and surface, and this in turn yields theerfsed speed-up of the rotational frequency.
The appeal of this model, if successful, is that pulsar glitches would be a direct evidence
of neutron superfluidity inside neutron stars and thus, indirectly, they could represent a
macroscopic probe of the microscomiucleon—nucleon residual interaction.

A quantitative investigation of the effecproposed in the model is complicated since,
among other issues, the interaction of a single nucleus with a vortex line should be deter-
mined by computing the changes of the system total energy as a function of the relative
position between vortex and nucleus. A simpler approach is to calculate only the pinning
energy [3-5], defined as the difference in energy between two extreme configurations: one
with the vortex line fixed on a nucleus (nuclear pinning) and the other with the vortex line
in a position equidistant between two nuclei (interstitial pinning). The results of these cal-
culations are important to determine which kind of pinning is energetically favored along
the inner crust, as well as to evaluate the (average) pinning force.

Previous studies all predict nuclear pinning in the deeper layers of the inner crust, but
they give quite different values for the pinning energies in these regions. The firsatestim
[3] considered only the difference in pairing condensation energy in the two cited configu-
rations, using a quite simplified model with uniform densities for both the nuclelithan
neutron gas. Later, it was pointed out [4] that also the difference in kinetic energy has to be
taken into account, and that it is necessary to use a realistic density profile for the nuclei
presentin the inner crust [6], in order to consider their effect on the pairing energies. How-
ever, the method used in Ref. [4] to evaluate the pairing properties of the neutron superfluid
is based on the Landau—Ginzburg approximation, which is far from being applicable in the
inner crust. Indeed, the temperature there is practically Zere Q.01 MeV), while in the
Landau—Ginzburg approach the temperatireusd be close to the critical value, that is
T. ~ 0.5 MeV. As a consequence, the authors of R&f must artificially rescale their re-
sults by large factors in order to reproduce expemtal condensation energies for ordinary
nuclei.

To overcome this difficulty, a different approach was presented later [5], in which the
Thomas—Fermi model based on the Local Density Approximation (LDA) was used to de-



366 P. Donati, P.M. Pizzochero / Nuclear Physics A 742 (2004) 363—-379

scribe the pairing properties of the system. The rationale behind this choice is that, although
unable to describe correctly the density tail of a system, where the density goes to zero,
the LDA is expected to yield reasonable results for quantities averaged over thesysiole

tem such as the energies, which are integrated over the Wigner—Seitz unit cells. In Ref. [5]
nuclear pinning was also found to occur at ladgmsities, as in previous studies, but the
calculated pinning energies were one order of magnitude lower than the ones obtained be-
fore. In spite of its known limitations, the LDA approach is to date the most satisfying
one, especially if one keeps in mind the difficulties of performing a quantum calcula-
tion for the complicated geometries of the vortex—nucleus configurations. When applied
to thermal properties of the inner crust of neutron stars (such as the specific heat of the
nuclear-lattice plus neutron-gas system), the LDA method yields results that are qualita-
tively similar to and compatible with those coming from a complete quantum calculation.
At the quantitative level, of course, the results are different as a consequenoiofiity

effects connected with the non-local nature of pairing. In the case of the specific heat, the
guantum results somehow ‘smooth out’ those coming from the LDA [7].

The results of Ref. [5], however, are not complete nor consistent, due to some assump-
tions that are basically incorrect. The first one is the definition of the vortex core which, as
in all previous calculations, is assumed to be the superfluid coherence fefdtis quan-
tity represents the distance from the vortex axis where the increase of kinetic energy, due
to the vorticose rotation of superfluid neutrons, equals the decrease in condensation energy,
due to the pairing of neutrons in Cooper pairs. The rationale behind this choice is that out-
side the radiu$ the negative condensational energy dominates the kinetic one, so that itis
energetically more convenient for matter to be superfluid and move irrotationally around
the vortex axis; conversely, inside this radius matter is in the normal state aest &t a
frame comoving with the star normal component. However, this choice of the vortex core
is inconsistent with the Thomas—Fermi modehich describes the hydrostatic equilibrium
of a fermion gas subject to position-dependent potentials. Indeed, it is easy to show that
the pressures of the normal and superfluid phases, when calculated with the Thomas—Fermi
approach, are different at= ¢ so that the two phases cannot coexist there because they
are not in mechanical equilibrium. A second criticism to Ref. [5] is related to the structure
of the vortex line itself, since the core has always been taken as made of normal matter.
This is not necessarily true, because there exists the alternative possibility of a core empty
of matter, while still preserving hydrostatig@librium. Which one of the two scenarios,
normal or empty core, is actually adopted by the system depends on which corresponds to
the minimum total energy. One final criticism to the results of Ref. [5] is that th@ycon-
densational and kinetic energy were included, while neglecting the internal contribution to
the total energy.

The previous issues were answered by us in a recent Letter [8], where we presented a
fully consistent semi-analytical schematiodel to study the vortex—nucleus interaction.

In the framework of the local density approximation and assuming a constant pairing gap
and a square-well nuclear potential, the model takes consistently into account all energy
contributions: condensational, kinetic andeirtal. It also determines unambiguously, by
global energy considerations and presenhigdrostatic equilibrium, the structure and ra-
dius of the vortex core. The results showed that, depending on the density and on the
vortex—nucleus configuration, the vortex cores could be either small and empty of matter



P. Donati, P.M. Pizzochero / Nuclear Physics A 742 (2004) 363—-379 367

or large and made of normal matter. More important, irrespective of the value of the pair-
ing gap, only interstitial pinning took place all along the inner crust, which is mingr

and totally in contrast with all previous calculations. However, although the calculations
performed in Ref. [8] are perfectly cartt, the conclusions reached there moédue to a
subtle point. Indeed, when comparing the energies of the different configurations we ne-
glected a term related to the small but calahange in particle number, which follows
from keeping the chemical potential fixed.

In the present paper, we both correct the conclusions of Ref. [8] and develop a more
realistic version of the model, which goes beyond the schematic assumption of constant
pairing gap and square-well nuclear potential. Namely, we introduce density-dependent
gaps obtained from different nucleon—nuclgmiring interactions (Argonne and Gogny)
as well as Woods—Saxon potentials to represent the peculiar density structure of the nuclei
inside the inner crust [6]. The results show that the vortex cores are always maatenafl
matter and have quite large radii. As in previous calculations, nuclear pinning is favored
deep inside the inner crust, but at quite larger densities than what found so far and with av-
erage pinning forces that are quite smalicéinfirmed by complete quantum calculations,
the presence of onlylanited region of weak nuclear pinnirrgay be relevant to the expla-
nation of pulsar glitches, and its conseqoenon the models for glitches should definitely
be tested.

In Section 2 we present in detail our physical model, while in Section 3 we give the
numerical results of the calculations using Argonne and Gogny pairing gaps. We finally
end the paper with some general conclusions.

2. Physical model

The microscopic structure of the inner crust of neutron stars was studied in Ref. [6] for
different average baryon densitigg in the framework of the Wigner—Seitz (WS) approx-
imation. That is, the regular lattice of neutron-rich nuclei is assumed to be divided into
unit spherical cells of radiuRys, each containing a total numba’r of neutrons and with
a single neutron-rich nucleus of radil, and diffusivity a at its center, characterized
by Z protons andVpoung bound neutrons. The gas of unbound neutrons is characterized
by a number densityi; far away from the nucleus, and their total number in each cell
iS Nree= N — Npoung In our model, however, we will consider vortex configurations in-
volving two WS-cells so that, in order to calculate consistently the energy differences, we
must takecubic cells with sideLws = 2Rws. As a consequence, the number of unbound
neutrons must be renormalized &4, = 6Nee/7. In Table 1 we report the parameters
associated to five zones along the inner crust taken from Ref. [6]. More exotic nuclear
shapes, called ‘pasta’ and ‘lasagna’ phases, could appear in the inner crust for densities
abovep. ~ 10 g/cm?, that is deeper than the zones we are going to consider in this
paper.

The LDA consists in assuming that a local neutron Fermi momentém(x), can be
defined as a function of the neutron number density), at that point. The (bound) pro-
tons, instead, decouple from the problem, only guaranteeing the existence of the neutron-
rich nucleus. In order to achieve hydrostatic #igtium of the neutrons, however, the total
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Table 1

Physical parameters of the five zones of interest as calculated in Ref. [6]. The average baryon depséies,
given in g/cm®, the densities of the free neutron gasg;, in fm—3, the radii of the WS-cellsRyys, those of the
nuclei, Ry, and their diffusivitiesg, in fm. The total number of neutrons in each cell, and the number of protons
and neutrons bound in nuclei are indicatedMyZ and Nygyng respectively. The number of unbound neutrons,
renormalized to a cubic cell of sideys = 2R\ys, is indicated bny/ree

Zone 1 2 3 4 5

0B 1.5 x 10'2 9.6 x 1012 34 x 1013 7.8 x 1013 1.3 x 104
ngG 48x 1074 47x 1073 1.8 x 1072 4.4 %1072 7.4 x 1072
Rws 44.0 35.5 27.0 19.4 13.77
Ry 6.0 6.7 7.3 6.7 5.2

a 0.77 0.83 0.94 1.12 1.25

N 280 1050 1750 1460 950

z 40 50 50 40 32
Npound 110 110 110 70 40

Moo 324 1795 3132 2654 1738

chemical potentials of the system must be constant, independent of positiorf. AtO,

the chemical potential coincides with the Ferenergy; this zero-temperature case is a
good approximation for the inner crust of a neutron star, due to the fact that the typical
crust temperatured(~ 0.01 MeV) are much lower than the typical critical temperatures

of pairing (T, ~ 0.5 MeV). The Fermi energy of the neutrons in a WS-cell is given by the
sum of local termsy; (x), that are associated to the Fermi internal energy (i.e., calculated
in the free Fermi gas model), to the nuclear energy coming from the central nucleus (and
which accounts for the bound neutrons), to the kinetic energy arising from the vorticose
superfluid motion and to the condensation energy due to the pairing of the superfluid neu-
trons. We remind that the last two terms are zero in the case of a normal phase. These local
chemical potentials can be obtained from tdweresponding energy densities in the stan-
dard way, that ig¢; (x) = (§¢;(X))/(8n(x)). Note that the energy densities(x), depend

on position through their dependence on the reeuhumber density. As for the (constant)
gravitational termugray ~ —10% MeV, due to core of the star and which guarantees that
the system of neutrons is altogether bound, it is included as a shift in the Fermi energy
which therefore results positive.

As already mentioned, in the LDA framework all quantities depend on position via the
neutron local Fermi momenturik ¢ (x), which is related to the number density of neu-
tronsn(x) by the usual expressionsr3:(x) = kf(x)3. The four local chemical potentials
are given below together with the corresponding energy density expressions. The Fermi
internal terms are

3 hzk; (X) hzk; (X)
&fer(X) = 3 2, n(x), Mter(X) = 2,
wherem,, is the neutron mass. The nuclear terms due to a Woods—Saxon potential of depth
Up, radiusRy and diffusivitya are
%n(x), Hnuc(X) = %’ )
1+e l1+e «

(1)

Enuc(X) =
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wherer is the distance from the center of the nucleus. The kinetic terms due to the irrota-
tional motion around the vortex axis are

2 hz
&kin(X) = W”(X), Mkin(X) = W’ 3)
whereR is the distance from the vortex axis. Finally, the pairing condensation terms are
3 A2(x)n(x)
gconX) = ————————
A R
A2(x) n(x) §A(X)
=— 1+6 4
Heon) = e [ TP A00 5100 ] @

where the second term in the condensational chemical potential comes from the density
dependence of the pairing gap, thatiex) = A[n(x)].

The calculation requires choosing the neutron gap, that is the neutron pairing inter-
action. On the one hand, calculations of the energy gap based on realistic microscopic
nucleon—nucleon interactions (e.g., Paris and Argonne interactions) have been performed,
which have the problem of not considering the induced interaction produced by the sur-
rounding medium of nucleons. On the other hand, effective potentials (e.g., Gogny and
Skyrme interactions) have also been used, but these have been developed for ordinary fi-
nite nuclei and it is not clear how they work for bulk neutron-rich matter. The values of
the gaps with effective interactions are generally larger than those with realistic potentials.
Since the nature of the pairing interaction is not the issue we want to address in this paper
in what follows we will use the neutron pairing gaps obtained from Argonne’s potential
and Gogny'’s effective interaction as benchmarks.

For anygivenvalue of 1, one can determine the neutron density) for the normal
and superfluid phases as a function of position in the cell using the Thomas-dresait
that the Fermi energy is independent on position. In particular, the density of the normal
phasen,(x), is obtained from the constraint

n = pier(X) + pnuc(X), (5)
while the density of the superfluid phagg(x), is derived from
= pier(X) + tnuc(X) + pkin(X) + peon(X). (6)

From the calculated values of the neutronsinthe total energy of the WS-cell can then
be obtained for either phase by integration over the volume of the cell of the respective
total energy densities, that is

etotn (X) = &fer(X) + enuc(X) (7)
for the normal phase and
etot,s (X) = &fer(X) + enuc(X) + &kin(X) + &con(X) (8)

for the superfluid one.
One can also calculate the normal and superfluid pressures, using the standard definition

S[etot(X)/n(X)] )

P(x) =n?(x) 500
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Fig. 1. The two vortex—nucleus configurations used in@alculation: interstitial pinning (IP, left) and nuclear
pinning (NP, right). The cubes indicateet WS-cells, the spheres represthat nuclei in the middle of the cell and
the cylinders picture the position of the vortex core.

The pressure in the normal phase is then equal to

hk2 (
Py(X) = 22;7”;()’%1 X)) = %H«fer,n )1, (X), (10)
while that in the superfluid phase is given by
2
Py = [gufer,s<x>+3 470 3469m,09 M(X)] L9
S) 4 pters(X) 4 pter,s(X) dn(X)

We can now describe the vortex—nucleus configurations in our model. We start by con-
sidering two cubic WS-cells, over which we will integrate the energies, and we put them
adjacent along a direction labeled as thaxis. The vortex axis is aligned along theli-
rection. At the center of each cell we have a nucleus and in the leftmost one we put the
origin of our Cartesian system of reference, so that the other nucleus lies gratkis.

The nuclear pinning (NP) configuration has the vortex passing through the nucleus at the
origin. The interstitial pinning (IP) configuration has the vortex equidistant between th
two nuclei (see Fig. 1).

So far, when discussing the neutrons in the WS-cell we have implicitly assumed that
they were all either in the normal phase (and thus without any vortex) or in the superfluid
phase (with one vortex-line singularity in the NP or IP configuration). However, the usual
hybrid state used in all previous calculations of pinning is also possible in the Thomas—
Fermi approach, namely the neutrons in the cell can be superfluid everywhere except in
the so-called vortex core, an axially symmetric region around the vortex axis where they
are normal. In order to fulfill the conditionf dydrostatic equilibrium of the model, the
pressure of the normal phase must be eqoghat of the superfluid one all along the
boundary of the vortex core. The thermodyneahiequilibrium is already guaranteed by
taking the same for both phases.

More precisely, in the present semi-classical picture there are only two possible struc-
tures for a vortex which are consistent with mechanical equilibrium. The ‘mixed’ phase,
in which an axially symmetric surface coaxial with the vort€y;(z), is determined by
the conditionP;(x) = P,(x); in this phase matter is normal insidg, (z) and superfluid
outside (hormal core). The ‘pure’ phase, in which matter is always superfluid, but with its
density going smoothly to zero along some other axially symmetric surface coaxial with the
vortex, Sp(z), determined by the condition, (x) = O; in this phase there are no neutrons
insideSp(z) (empty core). We point out that the surfacgg(z) andSp (z) unambiguously

(11)
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describe the vortex cores in the two phases; the radii of their circular transeetsms
depend on the coordinate in the case of the NP configuration, where the nucleus breaks
the symmetry along the vortex axis; converssjy(z) andSp (z) are basically cylindersin

the IP configuration. We also observe that, in the case of the ‘mixed’ phase, while the neu-
tron pressure is continuous along the surfgez), the neutron density and total energy
density both present a discontinuity along it.

The thermodynamically stable phase actually chosen by the system will be the one
with minimum total energy. This follows from the standard minimization condifiwrthe
Helmholtz free energf’ = E — T'S (we are considering a system with fixed temperature,

T =0, and fixed volumey = 2L3,5 = 16R3,s) and from the fact thaF = E at zero
temperature.

3. Calculationsand results

In this section we will show the results that are obtained when the model described
above is applied to the five zones of the inner crust (see Table 1).

We first have to find, for each zone, the value of the constant Fermi ependyich is
needed to calculate the neutron densify). Since, according to the Feynman—Onsager
relation [2], the mean spacing between vortex lines is orders of magnitude larger than
Rws for even the fastest pulsars, we can take the vortices as isolated. Moreoverkthe 1
behavior of the kinetic term guarantees that the effect of the vortex becomesiiegisg
one moves away from the vortex axis. Indeed, we find that the pgti@x) /.« between the
kinetic contribution and the Fermi energy is already as small a8 40R = Rws, so that
in practice the kinetic term can be neglected outside the WS-cell containing the vortex.
Therefore, the vortex is actually surrounded by regular (without vortex) superfluid cells,
which determine the constant value @f In other words, the surrounding cells act as a
particle bath, which exchange neutrons with the vortex region in such a way as to maintain
u fixed. We therefore take a single superfluid cubic cell without vortex as the system from
which to calculates.

The Fermi energy: as well as the potential deptlip have then been obtained for
each zone by an iterative procedure which gmétes over a single vortex-free superfluid
cell the densityig(x), calculated from Eq. (6) bwithoutthe kinetic term, in such a way
as to get the required numbers of neutrdisund and N ., that are, respectively, bound
in or free from the nuclear potential. We notice that in the LDA the (effective) potential
depthUy of the nuclear potential is calculatéor each zone and it is determined Byound
alone, once the nuclear radius and diffusivity are given. Using these valygslef and
the final neutron densityo(x), the total energy of a vortex-free cellg o, is obtained
by integrating over the cell volume the total energy density of Eq. (8) (without thei&inet
term). The results of this calculations are shown in Tables 2 and 3 for the Argonne and
Gogny pairing gap, respectively.

Having determined the important physical parameters needed in our model, we can now
proceed to analyze the nuclear and interstitial pinning configurations for each of the five
zones of interest, and this for both Argonne and Gogny pairing gaps. This means that, as
described above, we must calculate for eeghfiguration the neutron density correspond-
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Table 2

Physical parameters of the five zania the inner crust calculated withrgonne pairing gap. The depth of the
nuclear potential{/g, and the Fermi energy, are given in MeV. The energy terms for one cubic WS-cell without
vortex are also reported in MeV arith 1ot = Eq fer + £0,nuc+ £0,con

Zone 1 2 3 4 5

Ug 5223 4151 3505 3036 3376
n 1.02 545 1432 2482 3679
Eq fer 2957.38 916678 3126069 4336909 4170709
Eo.nuc —443099 —437173 —560630 —4907.10 —415978
Eo.con —40.20 —49304 —56860 —97.65 —2.84
Eo tot —151382 430201 2508579 3836434 3754446
Table 3

Physical parameters of the five zania the inner crust calculated with Gogny pairing gap. See Table 2 for an
explanation of the entries

Zone 1 2 3 4 5

Ug 5221 4147 3497 3019 3340
% 1.03 534 1413 2479 3689
Eq fer 295255 913787 3120218 4333630 4169428
Eo.nuc —442383 —433883 —553642 —484720 —410189
Eo.con —-3951 —57850 —101451 —45217 —87.40
Eo.tot —151Q79 422053 2465125 3803693 3750498

ing to either the ‘pure’ phase (all superfluid neutrons) or the ‘mixed’ phase (superfluid and
normal neutrons matched by the pressuredition). Of the two pesibilities orrespond-

ing to a given configuration, the system will choose the one with minimum total energy,
which we must determine case by case.

When comparing energies, however, one must remember that different configurations
can have different number of particles in the fixed volume over which the energiesare int
grated (from now on, the two adjacent cubic W&ls); this is a consequence of fixing the
value for the chemical potential. Although the fractional changes in total particle number
(AN/N) are quite small, the effect on the total energy cannot be neglected when study-
ing the vortex—nucleus interaction. This is the point we have overlooked in Ref. [8], and
which led to incorrect conclusions about the pinning. Now, if the number of parficies
a fixed volume changes &N, one must account for their additional energy in order to
compare systems with equal particle number. Since theéé@articles are exchanged with
the particle bath, one must add to the total energy of the volume aAdfn= — AN . Of
course, this is equivalent to the standard formal procedure of minimizing the expectation
value of the operatoﬁ’ = H — N, instead of that of the Hamiltoniali alone, when the
particle number is not fixed.

The results are summarized in six tables. In Tables 4 to 7 the energies for the vortex—
nucleus configurations are given relative to the values corresponding to a system of
vortex-free cells. Therefore, we actually list the differentEsetween the energy of two
cells with and without vortex. In the last line we indicate the phase with minimum total
energy. In Tables 8 and 9 we give the calculated radii of the vortex core at its center (in the
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Table 4

Results for the ‘pure’ (P) and ‘mixed’ (M) phases, @abted with Argonne pairing gap in the NP configuration.
The energies are reported as differené&sbetween the energy of two cells with and without vortex, they are
given in MeV and Etot = 8 Efer+8 Enuc+ 8 E ;. + 8 Exin + 8 Econ. The last line indicates the phase with minimum
total energy

Nuclear pinning (Argonne)

Zone 1 2 3 4 5

8 Efer (M) —4.66 —35.38 —54.84 7634 618
3 Eser (P) —187.44 —22852 —36509 —44950 —497.22
8 Enuc (M) -0.55 —1.47 —2.46 —2.38 -0.18
8 Enuc (P) 20155 17548 17538 14758 13516
SE; (M) 4.56 3525 5755 —74.10 —6.03
SE, (P) 1050 7870 23012 35199 41926
8 Ekin (M) 3.29 2183 4213 552 000
8 Exin (P) 9896 12450 20550 24953 27399
8 Econ (M) 2.83 825 1469 2276 062
8Econ (P) 095 272 042 —0.65 -0.10
8 Etot (M) 5.46 2849 5708 2814 059
8 Etot (P) 12452 15288 24634 29896 33109
Phase M M M M M
Table 5

Results for the ‘pure’ (P) and ‘mixed’ (M) phases,@ahted with Argonne pairing gap in the IP configuration.
See Table 4 for an explanation of the entries

Interstitial pinning (Argonne)

Zone 1 2 3 4 5

8 Efer (M) -5.27 —40.49 —69.05 9145 887
3 Eser (P) —6.14 —55.22 —16639 —267.03 —324.60
8 Enuc (M) 0.01 004 012 —0.60 -0.04
8 Enuc (P) 001 004 -0.12 038 131
SE; (M) 4.63 3875 6900 —-9115 -8.81
SE, (P) 587 5769 18253 29537 35927
8 Ekin (M) 2.16 2123 4516 522 000
8 Exin (P) 296 3167 9805 14967 17992
8 Econ (M) 1.30 741 1706 2828 093
8Econ (P) 093 320 085 —-0.89 -0.18
8 Etot (M) 2.83 2694 6229 3320 094
8 Etot (P) 362 3737 11492 17750 21571
Phase M M M M M

two configurations and for both phases), that is of the normal circular sectiofg(@j
andSp(z) atz = 0. We also report the associated coherence lerigthgfor both config-
urations and again at= 0), defined as the radii of the surface whegg (X) = |econ(X)|,

a natural extension of the standard constant-density definition. In this respect, we point
out that from Egs. (1)-(11) and after some algebra one obtaiRs= —Astot + nAn,
where AP = Py(X) — Py(X), Aétot = €tots(X) — €totn(X) and An = ng(X) — n,(X) (this

also follows directly from the definition & = O of the thermodynamical potential per
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Table 6
Results for the ‘pure’ (P) and ‘mixed’ (M) phases, castad with Gogny pairing gain the NP configuration.
See Table 4 for an explanation of the entries

Nuclear pinning (Gogny)

Zone 1 2 3 4 5

8 Efer (M) -1.09 —-3319 —69.45 —-3134 7126
3 Eser (P) —187.62 —22860 —36292 —44477 —497.02
8 Enuc (M) —4.34 —6.83 -8.74 —7.55 —-4.01
S Enuc (P) 20161 17486 17438 14660 13427
SE; (M) 476 3762 7727 3910 —67.22
SE, (P) 1070 7835 22701 34783 42037
8 Exin (M) 452 2452 5325 4311 000
8 Exin (P) 9887 12376 20411 24876 27373
8 Econ (M) 5.62 1345 2090 2518 2226
8Econ (P) 086 363 209 —0.42 —0.60
8 Etot (M) 9.46 3557 7324 6850 2229
8 Etot (P) 12441 15200 24466 29800 33075
Phase M M M M M
Table 7

Results for the ‘pure’ (P) and ‘mixed’ (M) phases, caltethwith Gogny pairing gamithe IP configuration. See
Table 4 for an explanation of the entries

Interstitial pinning (Gogny)

Zone 1 2 3 4 5

8 Efer (M) -5.36 —44.21 —95.94 —-59.90 7965
3 Eser (P) —6.22 —56.63 —-167.11 —26235 —324.15
8 Enuc (M) 0.01 012 -0.11 027 -0.86
8 Enuc (P) 001 005 —-0.04 029 131
SE, (M) 4.75 4158 9478 5986 —78.89
SE, (P) 602 5801 18088 28981 35941
8 Exin (M) 2.04 2187 5462 4819 000
8 Exin (P) 293 3150 9804 15021 18027
8 Econ (M) 1.26 827 1816 2753 2825
8Econ (P) 086 429 323 002 -0.77
8 Etot (M) 2.70 2763 7151 7596 2816
8 Etot (P) 361 3722 11500 17798 21608
Phase M M M M M

unit volumew = gyt — un = — P). In the simple constant-density models one has= 0
everywhere so that the conditiakP = 0, which defines the vortex core in the ‘mixed’
phase (i.e., the surface where the two phases are in thermodynamical and mechanical equi-
librium), is equivalent toA ey = 0, namely that the total energy density is continuous at

the phase interface. In turn, this impliag,(X) = |econ(X)| Sinceng = n,,; therefore, if the
density variations are neglected, our definition of the vortex core is equivalerd fhah-

dard definition of the coherence length. In the general case with varying densigadhn

the conditionA P = 0 implies thatAeyt — uAn = Aw = 0, which is the correct quantity

to be continuous at the phase interface for a system with fixed volume and variable particle
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Table 8

Radii of the vortex core and colence lengths calculated at= 0 with Argonne pairing gap. The central radii
re(P) andr. (M) of the ‘pure’ and ‘mixed’ phases and the central coherence legn@hare evaluated for the NP
and IP configurations, and are given in fm

re (P) re (M) £00)
Zone NP IP NP IP NP P
1 0.32 230 654 710 654 7.02
2 0.34 098 7.26 434 725 434
3 0.33 061 855 522 854 520
4 0.31 046 1177 1138 1171 1130
5 0.28 038 862 862 862 862

Table 9
Radii of the vortex core and colence lengths calculated at= 0 with Gogny pairing gap. See Table 8 for an
explanation of the entries

re (P) re (M) £(0)
Zone NP 1P NP IP NP 1P
1 0.32 225 598 791 597 776
2 0.34 099 647 408 646 407
3 0.33 061 7.30 394 729 393
4 0.31 046 7.79 535 778 533
5 0.28 038 862 862 862 862

number (the potentiab = eiot — un is the energy density associated to the Hamiltonian
H' =H — uN).
We now make a few observations about these intermediate results:

(i) The ‘mixed’ phase is always favored in the LDA. Such a vortex structure, that was
assumed without explanation in all previous calculations of pinning, is thus justified
in the LDA by energy considerations. We point out that this result follows from the
inclusion of all energy terms, none of them being negligible in magnitude as compared
to the others.

(i) The fact that in several casé%ot > O (i.e., the system of two WS-cells has a lower
energy when no vortex is present) should not surprise, because the existence of vor-
tices follows from globalmacroscopicenergy arguments, not on the local energy
balance of two cells.

(iif) The vortex cores are about one order of magnitude larger in the ‘mixed’ phase than
in the ‘pure’ one. Since the LDA is known to describe poorly the low-density tail of
a system, it is satisfying that in the subsequent calculations we have to use always
the ‘mixed’ phase, whose density never goes to zero. When compared to the corre-
sponding coherence lengths, instead, the radii of the normal cores differ by less than
one percent. Therefore, the simple assumption of a core radius equa &xtually
a good approximation. We expect that, in a complete quantum calculation, this will
translate into an order parameter (e.g., the gap) going to zero over a length scale of
order¢.
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Table 10

Difference in total number of neutroraN = N(NP) — N(UP) and energy differencea £ = ENP) — E(P)
between the configuration with nuclear pinning and thigth wterstitial pinning, calculated with Argonne pairing
gap. The energies are given in MeV andtot = AEint + AEkin + AEcon, Where the internal contribution is
defined asAEjnt = AEfer + AEnuc+ AE,,

Argonne

Zone 1 2 3 4 5
AN 0.06 064 080 —0.69 —0.08
AEfer 0.61 511 1422 —1510 —2.68
AEnuc —0.56 —-151 —2.58 -1.79 -0.14
AE, -0.07 —3.50 —1145 1705 278
AEint —0.02 010 019 016 —0.04
AEin 112 061 —-3.03 030 0
AEcon 153 084 —2.37 —5.52 -0.31
AFEtot 2.6 16 -5.2 —51 -0.4

Table 11

Difference in total number of neutroraN = N(NP) — N (UP) and energy differenceaE = ENP) — E(P)
between the configuration with nuclear pinning and thih wterstitial pinning, calculated with Gogny pairing
gap. See Table 10 for an explanation of the entries

Gogny

Zone 1 2 3 4 5
AN —0.01 Q74 124 084 -0.32
AFEjer 4.27 1102 2649 2856 —8.40
AEnuc —4.35 —6.94 —8.63 —7.82 -3.15
AE, 0.01 —-3.97 —1751 —20.75 1166
AEjnt —0.07 011 035 —-0.01 011
AEin 248 265 —1.36 —5.09 0
AEcon 4.36 517 274 —2.35 —5.99
AFEtot 6.8 79 17 -75 -5.9

We are finally able to evaluate the difference in energy between the nuclear pinning
and the interstitial pinninganfigurations for each zone in the case of Argonne and Gogny
pairing gap, taking always the ‘mixed’ structure for the vortex. Theltesre reported
in three tables. In Tables 10 and 11 we list the different&= ENP — E(P) petween
the NP and the IP configurations for both pairing interactions. For sake of comparison
with previous calculations, we define the difference in internal contribution Bg; =
AEfer + AEnuc+ AE,, namely all terms other than kinetic and condensational, so that
A Eiot = AEint + AEkin + A Econ. Obviously, A Eyot represent the quantity of interest to
us, namely the pinning energy. WheE,: < O the vortex pins to the nucleus, that is
nuclear pinning is favored energetically.

In Table 12 we compare the (nuclear) pinning energigg, and the average (nuclear)
pinning forces,Fyp, obtained from our calculation to previous results found in the litera-
ture, in particular those coming from the Landau—Ginzburg approximation [4]. The pinning
force is actually the physical quantity that appears in model calculations trying to explain
pulsar glitches by vortex unpinning. SineeFq; represents the difference in energy be-
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Table 12

Comparison of the (nuclear) pinning energi€s,p, and of the average (nuclear) pinning forcegp, calculated

in this work for the Argonne and Gogny pairing interactiord@hose obtained in Ref. [9] from the data of Ref. [4].
The energies are given in MeV, the forces in Mé@w, while ‘~’ indicates interstitial pinning

Enp Fnp
Zone Argonne Gogny Ref. [9] Argonne Gogny Ref. [9]
1 — — — — — -
2 - - Q4 - - Q11
3 5.2 - 5 0.19 - 36
4 51 75 9 026 038 19
5 04 59 54 0.03 043 17

tween two configurations where the vortex has been moved by a disRapgehe average
(nuclear) pinning force per (nuclear) pinning site is naturally defined as

This
whe
one

Enp
Fnp=——o, Enp = |AEtot|. (12)
Rws
definition holds only for the case of nuclear pinning, that is whéf: < 0. Indeed,
n interstitial pinning occurs the pinning force is orders of magnitude smaller thain w

would obtain from Eq. (12), as discussed in Ref. [9] where it was foundripat

10-°-10-3 MeV/fm depending on the density. Consequently we have reported the pinning
forces only for the case of pinning on nuclei.

T

(i)

he results presented in the last tables deserve some comments:

As before, none of the energy terms is negligible in magnitude as compared to the
others. In particular, although the change in total number of neutrons is very small,
the associated change in enery¥,, can be quite large.

(if) When the terms\ Efer, A EnycandA E,, are summed up in\ Ejn, this internal contri-

(iii)

bution is small in magnitude as compared to the remaining kinetic and condensational
terms,A Exin andA Econ. Therefore, as a first rough approximation one could neglect
the internal contribution.

Nuclear pinning occurs only in zones 3to b & 3.4 x 1013 g/cm®) with the Argonne

gap andin zones 4 and 5 > 7.8 x 1013 g/cm?) with the Gogny gap. When compared

to the results of Ref. [4], who found pinning on nuclei in zones 2 t®5-(9.6 x

102 g/cm?), we see that the LDA predicts nuclear pinning only in a limited density
range.

(iv) The average (nuclear) pinning forces are small and altogether quite independent in

v)

maghnitude from the pairing interaction used. Compatiiag and Fyp to the results

of the Landau—Ginzburg approximation [4] (where an interaction very similar to Ar-
gonne was used), we see that the LDA predicts quite weak nuclear pinning.

The results listed for the average forces represent a lower bound for the real (nuclear)
pinning forces as a function of distance from the nucleus. To calculate the latter,
however, one would have to deal with a less symmetric and thus more complicated
problem.

(vi) When computing the kinetic energy contribution due to vorticose motion, we intro-

duce a cut-off for hydrodynamical consistency. Namely, we assunmRavélocity
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profile only for R < Rws — Ry (and zero outside) in order not to violate the conti-
nuity equation at the nucleus in the IP configuration. This means that the results for
A Ekin (and thence foA Eto) should be corrected, to account for the effect of the
nucleus on the neutron flow in the IP configuration. An analytical calculation was per-
formed in Ref. [4] for a constant-density nucleus far away from the vortex line, and it
can be used to evaluate the order of magnitude of such a correction. We found that one
should subtract from Eiot @ small correctiong 0.1 MeV). To point out this known
uncertainty, in the last line of Tables 10 and 11 we reported the energies rounding
them off to one decimal figure.

4. Conclusions

We have presented in full detail the first fully consistent and realistic treatment of
vortex—nucleus interaction in the inner crust of neutron stars. Within the framework of
the local density approximation, the modelatetines the configurations with lowest en-
ergy, while ensuring thermodynamical and mechanical equilibrium. The main conclusions
of the present work can be summarized as follows:

(i) The most stable structure for a vortex is that with a core made of normal matter, whose
radius is very close to the local superfluid coherence leagth

(i) The nature of pinning (nuclear or interstitial) is determined mostly by the kinetic and
condensational contributions. The internal term gives only a small correction, negligi-
ble at a first rough approximation.

(iif) Pinning on nuclei appears only in a quite limited density range, when compared
previous studies.

(iv) The average (nuclear) pinning forces are quite small, when compared to previous
studies.

(v) The nuclear pinning properties are not too sensitive to the pairing interaction used. Ar-
gonne gives nuclear pinning at somewhat lower densities, while Gogny gives slightly
larger pinning forces.

Of course, these results also require somesats. The main one is the semi-classical
nature of the model which cannot describe the proximity effects due to the non-local na-
ture of pairing. In that respect, a complete quantum calculation is needed. The work of
Ref. [10], based on the nuclear energy density functional approach, is a promising step
in that direction. Another issue is the real nature of the pairing interaction in the exotic
matter found in the inner crust of neutron starsene neutron-rich heavy nuclei co-exist
with unbound superfluid neutrons. Finally, we must remember that the pinning forces we
obtained here are only average values, lower bounds to the maximum value of the distance-
dependent forcénp(s) (with s the distance between vortex and nucleus); this maximum
value is what must be overcome by the Magnus force in order to actually unpin the vortex.
We plan to address this issue within the framework of the LDA in a future paper.

The conclusions reached in the present papelilkely to be relevant for any explanation
of pulsar glitches based on depinning of vortices from the nuclear lattice. Therefore, the
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(nuclear) pinning energies obtained here should be introduced as an input in macroscopic
models for vortex depinning. Whether this will improve the agreement between theory and
observations, or rather make it impossible, is a fully open issue.
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