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A b s t r a c t  

The particle-vibration coupling formalism is generalized to deal with hot, strongly rotating 

nuclei. In this way the basis to carry out a microscopic description of the structure of compound 

nuclei has been developed, in particular the calculation of the effective mass of nucleons close 

to the Fermi energy. As a consequence, it will be possible to provide a realistic estimate of the 

nuclear level density as a function of rotational frequency and temperature, a quantity which is 

among the key ingredients needed in the study of the evolution of the cooling of the compound 

nucleus through nucleon and 3,-decay. (~) 1999 Elsevier Science B.V. All rights reserved. 

PACS: 21.60; 21.60.J 
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I .  I n t r o d u c t i o n  

In mean field theory nucleons move independently of each other filling the combined 

pullings and pushings of the other nucleons when trying to leave the nucleus. The 

nuclear surface is not only a static barrier confining self-consistently the motion of the 

nucleons, but can be excited by them into vibrational modes which can, at a later time, 

be reabsorbed by the same or by a different nucleon. Associated with these phenomena 

are the mean free path (cf. e.g. Ref. [ 1 ] and references therein), nucleon effective mass 
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(w-mass) (cf. e.g. Ref. [2] and references therein) and the nucleon-nucleon induced 

interaction (cf. Refs. [3-5] and references therein). 

While much effort has been concentrated in the study of the particle-vibration cou- 

pling and its consequences for the structure of spherical nuclei (cf. e.g. Refs. [6-8] 

and references therein), little has been done concerning deformed nuclei let alone hot, 

rotating systems. This situation is not a particularly brilliant, if one thinks that (a) to 

extract information from the decay of compound nuclei (i.e systems corresponding to 

a statistical ensemble of shapes) which can be directly compared to model predictions 

one needs to know the level density as a function of temperature and of angular mo- 

mentum, a quantity which depends, through the level density parameter, on the nucleon 

effective mass and thus on the ability the particles have to couple to surface vibration 

in deformed nuclei, (b) to accurately calculate the alignment of single-particle lev- 

els, a quantity needed in the study of rotating nuclei in general, and the study of the 

superfluid-normal nuclear phase transition as a function of the angular momentum and 

of temperature in particular, as well as in the study of the damping of rotational motion, 

one needs to calculate the coupling of single-particle motion to pairing vibrations [9-1 1 ] 

and thus also to surface vibrations of deformed nuclei, (c) to determine the properties 

of the levels of a cranked Hartree-Fock Hamiltonian entering in the calculation of the 

intrinsic states of rotational bands as well as in the calculation of giant resonances in 

general, and of the giant dipole resonance in particular [ 12], one needs to know both 

the single-particle effective mass and width, and thus its coupling to surface vibrations 

of deformed nuclei. 

To qualitatively change the level of accuracy with which the variety of quantities are 

calculated going beyond mean field, one needs to take up the task to reformulate the 

particle-vibration coupling model which lies at the basis of Nuclear Field Theory, for 

the case of superfluid, strongly deformed, rapidly rotating and highly excited nuclei. 

This is the main goal we have set us, and on which we shall further elaborate in this 

introduction. 

For both spherical and deformed nuclei, a field theoretical treatment of the interweav- 

ing of single-particle and collective degrees of freedom exist (cf. Refs. [4,13,14] and 

references therein). However, while theory has been developed into a powerful predic- 

tive tool in the case of spherical systems and the associated computational scheme has 

been tested in a large variety of situations and used with success in the analysis of large 

class of experiments, essentially no calculations exist in the literature for deformed nu- 

clei. The reason for such asymmetry in the study of the particle-vibration phenomenon 

is quite simple and is associated with the special role spurious states play in deformed 

nuclei as compared to spherical nuclei. 

In fact, within mean field theory of deformed, superfluid nuclei, there are two classes 

of spurious states. One is associated with the violation of rotational invariance, the other 

with the violation of gauge invariance. In other words, because the BCS wave function 

in the Nilsson basis has neither a fixed value of the angular momentum nor of the 

number of  particles, the system described by this wave function displays modes with 

vanishing frequency and divergent matrix elements of the quadrupole and of the two- 
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particle transfer operators. These spurious states, together with that associated with the 

violation of translational invariance typical of the shell model, can be made orthogonal 

to all physical states by diagonalizing the corresponding particle-vibration coupling 

Hamiltonian, in the random phase approximation (cf. e.g. Ref. [4] and references 

therein). 

However, when a particle is added to the system, the spurious states, through the 

coupling to the odd-nucleon, mix again into the spectrum. The solution to this problem is 

a necessary condition to be able to carry out nuclear structure calculations in deformed, 

superfluid nuclei which go beyond mean field theory. While in the case of spherical 

nuclei, the spurious state associated with the nonconservation of the number of particles 

typical of superfluid nuclei does not mix, as a rule, with surface vibrational modes 

(quadrupole, octupole, multipole vibrations) due to angular momentum conservation, in 

deformed nuclei, the pairing spurious modes do mix with surface modes. This is the 

reason why, in spite of the fact, as mentioned before, that a field theoretical treatment of 

the particle-vibration phenomenon in deformed nuclei exists, it still awaits a practical 

formulation. On the other hand, in a previous paper [15], the authors have given an 

operative and economic solution to the question of how to deal with spurious states in 

superfluid, deformed nuclei, which have been tested both against schematic models for 

which exact solutions exist, as well as against the experimental finding through detailed 

applications to realistic situations [ 16]. In this sense, Ref. [ 15] can be viewed as the 

first of a trilogy of which the present paper is the second and Ref. [ 16] will be the 

third. 

In keeping with the discussion above, it is now easy to explain the rationale lying 

behind the present paper. Once one knows how to eliminate the spurious states in an 

arbitrary situation, one needs to implement the calculations of the nuclear spectrum and 

of the associated transition probabilities, taking also into account the particle-vibration 

coupling phenomenon. Because of the lower symmetry displayed by mean field solutions 

describing the system as compared to the original Hamiltonian, both the single-particle 

and the collective spectrum of deformed, superfluid nuclei are richer than that observed 

around closed shell nuclei. If  one furthermore sets the nucleus into rotation, time reversal 

invariance is also violated and the spectrum becomes even richer. 

From the point of view of computation, richness implies complication. In particular, 

to find the energy of the vibrational modes which couple to the motion of the nucleons 

becomes, assuming the spurious states have been already removed from the spectrum, 

essentially an impossible task. In particular, within RPA, and because both particle- 

hole and particle-particle channels with both angular momentum L = 0 and 2 mix 

(e.g. pairing and /3-vibration), the explicit determination of each single root of the 

RPA matrix is out of the question. This is because one is dealing, essentially, with a 

continuous of vibrational modes to which the nucleus couples, a situation which does 

not become easier to handle when temperature is added to the system. 

Similar problems have been encountered in the study of infinite systems. However, 

this case is qualitatively simpler than the nuclear case, in the sense that the properties 

of the single-particle spectrum change smoothly with energy, not displaying the strong 
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state dependence typical of deformed rapidly rotating nuclei, a dependence which is the 

fingerprint of the finite character of the system (so-called quantal size effects (QSE), 

as they were first called by Kubo in his seminal studies of small particles [ 17,18]). 

In fact, one has to consider an infinite system with impurities (also of magnetic type 

which parallel the high-j intruder states found in the case of the nuclear spectrum) 

leading e.g. to Anderson localization and to high Tc (cf. e.g. [ 19,20]) to come close to 

the taxing computational situation one encounters in dealing with the particle-vibration 

phenomenon in deformed, superfluid, rapidly rotating nuclei. 

In spite of all these difficulties, and as argued above, the development of a for- 

malism to treat the particle-vibration coupling in warm, strongly rotating nuclei is a 

task which can hardly be delayed, and a proper analysis of the variety of phenomena 

which are at the basis of the nuclear structure of these systems is long overdue. A 

task which is at the basis of the results presented in this paper and which, in spite 

of being highly technical (determination of the quantum numbers characterizing the 

single-particle basis, formulation of Matusbara's finite temperature Green's function to 

describe the particle-vibration phenomena in terms of linear response theory taking into 

account QSE, accidental degeneracies and thus zero-energy denominators, etc.) results 

in simple, powerful expressions (like that provided by Eqs. (23), (25) and (27) for 

the effective mass) to calculate the observables of the system and thus the corrections 

to mean field theory, creating dressed particles (quasiparticles) whose properties can be 

directly confronted with the experimental findings. 

At the basis of the formulation of the particle-vibration coupling developed in the 

present paper is the idea, also uged in condensed matter physics, to recur to linear 

response function theory to deal with the particle-hole and particle-particle (two- 

quasiparticle like) excitation spectrum of the system. Computationally, this is to a large 

extent equivalent to use a course mesh approach for the calculation of the vibrational 

spectrum and its coupling to the nucleons. 

In what follows we developed the formalism describing the particle-vibration coupling 

in highly excited, deformed, rapidly rotating nuclei. In Section 1 the quasiparticle basis 

is introduced, while surface and pairing vibrations are discussed in Section 2 within 

the framework of the random phase approximation (RPA) in a two quasiparticle basis. 

The interweaving of the quasiparticle motion and the collective modes at zero and at 

finite temperature is discussed in Section 3 making use of Matsubara's formalism (cf. 

Ref. [21 ] ). The last section is devoted to the conclusions. The results of the application 

of this formalism will be presented in part II of this paper [ 16]. 

2. Quasiparticle in a rotating frame 

The starting point of the calculation is the Hamiltonian 

hrot = ~tdef + U p  - ~./Q - OJrotJ  x , 

sum of a Nilsson Hamiltonian hoef [22] and of the BCS pairing mean field 

(1) 
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Op = - A ( P  t + P ) ,  (2) 

where p t  = ~ i  4 )~  is the pair creation operator. The single-particle state i is time re- 

versed to the single-particle state i, while A is the pairing gap. To restore rotational and 

gauge invariance, at least in average, the system is set in rotation through the external 

fields (cranking approximation) -WrotJx and -A/Q, where j~ and /Q are the angular 

momentum and particle number operators, respectively, while Wrot and A are rotational 

frequencies in 3D- and in gauge-space. Appropriately adjusting the value of these pa- 

rameters, which can be viewed as Lagrange multipliers of the energy minimization 

problem (diagonalization of hrot), one can fix the average number of particles and the 

average value of the angular momentum. In keeping with the fact that hrot is invariant 

only with respect to a rotation of angle ~r around the x-axis, and with respect to parity 

transformation, the quantum numbers which identify the corresponding single-particle 

eigenstates are signature a (see Appendix A for details) and parity 7r. We shall denote 

with /z single-particle states with signature negative a = +1 /2  (r  = - i )  and with /2 

positive single-particle signature states cv = - 1 / 2  (r  = +i) .  Within the basis of states 

Icy, 7r) the Hamiltonian hrot is diagonalized by rewriting it in term of quasiparticle h~, 

operators (cf. Ref. [23] ), leading to 

^ ~ ^  
h,'o, : Eo + Z E~gz~gt~ + Z E;,a/2a,c,, (3) 

where Ea(/2) is the quasiparticle energy associated with the state/z(fi) .  

3. The RPA in a rotating frame 

In what follows we shall calculate the variety of vibrational nuclear modes in deformed 

rotating nuclei by diagonalizing, in the RPA and in a two-quasiparticle basis, a monopole 

pairing interaction and multipole-multipole particle-hole interactions, that is, 

~lln ~ = _½ ~ Z X ~ .  { ~ . } 2 ,  (4) 
a p 

where R~" are one-body Hermitian operators, and X~ '~ the corresponding coupling 

strengths. The indices ot and p represent, respectively, the signature quantum number 

( a  = 0, 1 labeling positive and negative signatures (cf. Appendix B)) ,  and the different 

components of residual interactions. The coupling strengths X should be determined 

by the self-consistent condition between the density distribution and the single-particle 

potential. As explained above, we adopt the following operators: 

&+ p,,_ 0,o  Q20 Q22 ( T r = + ) ,  Rp 21 

--(0) ~(0) -(0) 
= Q31 Q32 Q33 (Tr = - )  , (5) 

^11) __0(I) ~(i) 
Rp - 21 Q22 (Tr = +)  

-- -(I) ~(1) -(I) -(I) 
- Q30 Q31 Q32 Q33 ('rr = - ) ,  (6) 
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F(~) 

F(c~) 

(a) (b) 

Fig. I. Result of the action of a one-body operator in a quasiparticle basis. Graph (a) represents the creation 
of a two-quasiparticle excitation while graph (b) shows the scattering of a quasiparticle state into another 
state. 

for the positive and negative signature, respectively. The symbol - is used to denote 

that they are iso-stretched and doubly-stretched multipole operators [24-28] .  

The expressions of  the operators in the quasiparticle representation are given by 

t t  

^ "  - h . c . [  

I I  

/~<u #p 

where the notation ) - ~  means that when a pair (/zv) is summed, its signature partner 

(/2~) should also be summed, and use was made of  the bilinear operators 

f # .  = a* at ^ . A~ ° = &t &t 
v , /z  ~ ,  

The operator .4' creates two-quasiparticles while ~ t  scatters one quasiparticle from one 

state to the other. These processes are shown in Fig. 1. In case (a) the generic single- 

particle operator b" with signature oe acts on the quasiparticle vacuum to give rise to 

a two-quasiparticle excitation. Because of  the additivity of  oe, the signatures quantum 

number c~y(6) of  the quasiparticle states labelled by ~,(a) participating in the process 

depicted in Fig. la satisfy the relations 

ce = 0 a~, + tea = a ~ 3' and ,5 have opposite signature, 

a = 1 a r  + aa ---= a ~ y and 6 have same signature. 

Similarly, in the case of  the process shown in Fig. lb one finds 

(9) 

a = 0 ce~, ~ o~a + oe ~ "), and 6 have same signature, 

a = 1 oe~, _= ot~ + o~ ~ y and 6 have opposite signature. (10) 

Consequently, in the case where the operator has positive signature, the coefficients of  

the operators .~t contain only combinations of  states of  opposite signature (/z~) while 

in the signature negative operators the states can be both (/xu) and (/2~) (cf. Eq. (7 ) ) .  
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In this latter case a simple way to avoid double counting in carrying out the summations 

appearing in Eq. (7) is to impose the condition p, < ~, and/2 < P. Similar arguments 

to deduce the structure of the expansion coefficients of the term proportional to the /}1 

operators can be carried out making now use of the conditions given in Eq. (10) for 

the quasiparticle quantum number of the states connected in the scattering process. 

Summing up, the Hamiltonian describing the quasiparticle interaction responsible, 

among other things, for the presence of surface and pairing vibrations is 

/t/= const. + Z E~gl~ glu + ~ E/2&~-gl/2~ + rliill + I2Ii~i " (11) 

In a rotating system, and even if the quasiparticles interact through separable forces, 

the RPA equations lead to a couple set of dispersion relations which, because of the large 

number of two-quasiparticle excitations (of the order of 10 4 for a typical medium-heavy 

nucleus), becomes numerically quite difficult to solve by searching for each single root. 

On the other hand, this search can be avoided making use of linear response theory. As 

an example, the RPA ground state correlation energy has been calculated by using this 

technique, without explicitly solving the RPA equations [12]. 

The definition of the RPA response function, which measures the change in the 

expectation value of the operator/~'> if we bring the system in an external field of type 

^'"' is Rp , 

7~ = (1 - SX) -~ S. (12) 

The so-called unperturbed response function S describes the response of the non- 

interacting system and is the quantity that contains explicitly the temperature dependence 

through Fermi factors. The expression of S is given in Appendix C while we refer the 

reader to Refs. [29,30] for details of the generalization of the RPA response function 

at finite temperature. 

Both 7~ and S are matrices with respect to the components of separable interactions. 

Using spectral representation, the linear response can be written as 

Qp (q) Qp, (q) '"' ,<,,* 
- + ) . ( 1 3 )  

See Appendices C and D for the details of the derivation. 

4. Self-energy in a rotating frame 

As already mentioned, in a deformed rotating system the single-particle states carry 

signature and parity as good quantum numbers, quantum numbers which have to be 

conserved at each vertex coupling a particle to a vibration (cf. Fig. 1 and related 

discussion). Because of the lower symmetry of a deformed rotating nucleus as compared 

to the case of spherical nonrotating systems, the retarded self-energy needed in the 
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(a) (b) 

Fig. 2. Basic couplings between a quasiparticle and a collective mode which contribute to the self-energy. 

calculation of e.g. the nucleon effective mass in the former case is expected to be more 

involved than that associated with the latter case [6]. 

4.1. Quasiparticle-vibration coupling 

The starting point for defining the quasiparticle self-energy is the quasiparticle- 

vibration Hamiltonian describing the coupling between a quasiparticle and a surface 

or pairing vibrational mode which, in second quantization, are created by the operators 

ht~ and xq , respectively, acting on the corresponding vacuum (BCS and RPA). The 

effective Hamiltonian describing the total system built up of single quasiparticles plus 

surface vibration can be written, in a rotating frame [31], as 

I I ~ (  ) ~ l  ) ^ (or) fI=ZE~gflug~u+~--'E#glt-gt~+Z~hWq.~q"Xq"~ ~ + Z H~coupl , (14) 
/z /2 ot q ot 

where ^ a H~oup ] is the quasiparticle-vibration coupling Hamiltonian with signature quantum 

number a, 

^ [a) (a) ^(a) " ^1.) 
H'coup ] = - Z X  O hp (vlb)hp (qp) .  (15) 

p 

The expressions of the vibration and quasiparticle Hamiltonian (both Hermitian opera- 

tors) for different signature are given by 

h~"'(vib) = Z [Q;*'(q)X~'"' + b.c.] , (16) 
q 

and 

ts 

(qp)--Z + + Z 
/zP p.~' 

p .<~ '  /zP 

The main vertices of this quasiparticle-vibration coupling are depicted in Fig. 2. Graph 

(a) of Fig. 2 represents the scattering of a quasiparticle from a state /z to another 

state u, through the creation of a vibrational mode. The process depicted in graph (b) 
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V 

~t 

I O~vi b 

(a) (b) 

Fig. 3. The lowest second-order processes by which the quasiparticle motion is renormalized by the coupling 
to the collective mode. 

of Fig. 2 corresponds to collective excitation with creation of a two quasiparticle-like 

excitation. These vertices are generated by application of different operators, that is,/~t 

and / i t  in case (a) and (b),  respectively. It is important to keep in mind this simple fact, 

as it has important consequences on the nature of the corresponding particle-vibration 

matrix elements associated with the process, differences which can be traced back to 

signature conservation (cf. Fig. 1 and related discussion). In order to keep track of 

these differences we shall, in what follows, distinguish between the self-energy diagram 

associated with vertices of "type" /~t and of "type" /it. This is done in Fig. 3, where 

graph (a) represents the self-energy correction due to the/~t operator while graph (b) 

is the outcome of the /it operator. In the limit of a normal system, the second self- 

energy diagram will correspond to the situation in which the intermediate state is an hole 

state. Consequently, the associated energy denominator will be - ( E -  (e~ - A) + 0), I) 

while, in the superfluid case, the energy is - ( E  + E~ + Wq). A representation of the 

variety of processes contributing to the quasiparticle self-energy which explicitly takes 

into account the conservation rules discussed above is shown in Fig. 4. From this figure 

it is seen that, for a particle of negative signature oe = 1/2 ( r  = - i ) ,  the intermediate 

state v in diagram (a) of Fig. 3 has the same value of cr if the collective mode has 

positive signature while it has opposite signature when the collective mode has ce = l 

(graphs (a) and (c) of Fig. 4). The situation is inverted when one considers diagram 

(b) of Fig. 3 where the operator/i  t is involved. The conservation of a produces graphs 

(b) and (d) of Fig. 4. 

4.2. Self-energy at f ini te  temperature 

Taking into account the four possible diagrammatic contributions to the self-energy 

in a rotating frame, one can use finite temperature Green's function technique [21] to 

write the expression of the self-energy as 

l qpp, ((/'/) Qp (q) Qp, (q) 

leo. 71 a,  pp'  q tpn -- S¢n E n - iOgn 
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~(+1/2) 

v(+l/2) 

~(+1/2) 

O[vib= 0 

~(+I/2) 

O~vib =0 

~ [.t(+l/2) 

(a) (b) 

la(+l/2) 

v(-1/2) 

~(+1/2) 

(Zvib= 1 

~(+1/2)  

~vib =1 [ 
~ g(+l/2) 

(c) (d) 

Fig. 4. Basic diagrams representing the self-energy of a quasiparticle state in a rotating frame. A wavy line 
stands for a collective vibration. Graphs (a) and (b) correspond to the case of vibrations with positive 
signature (tr = 0) while graphs (c) and (d) are associated with vibrations with negative signature (a = 1). 

[l  , ]  
- '"' iron - ~ w ~  '> ' ( 1 8 )  × i~o, Wq 

where iw,, = i27"rn/fl and ip,, = i (2n  + 1)Tr/fl  (n  = 0, +1 ,  + 2  . . . .  ) are the phonon and 

fermion frequencies and where 

(a)  I ~ l  ( t ~ l ~  (a~ (tr) S ( a )  __  ) Ot'+O'£ - -  ~r /  
qpp , ( f t l )  :- Xp Rp ( f t l ) R p  ' ( fT1)Xp ' ' an ~ ( " (19)  

In the expression above an attempt to simplify the notation has been made. The states 

involved at the vertices of  the self-energy diagrams (see Fig. 4) have been labelled by ( 

for the initial state which can be e i the r /z  or /2 ,  and the sum over the intermediate state 

r/ stands for states with both signatures v and ft. Note that both the A t and Bt - type  

quasiparticle matrix elements in Eq. (17)  appear as R~;" ( ( 'q )  and it is understood that 

R~" ( /2v) = .,p (v/2) .  The signature of  these states is indicated by a((,7) while a is 
Or) 

the vibrational signature index. The sign s(, 7 is necessary to distinguish the different 

behaviour o f  the energy denominators in case (b)  and (d)  of  Fig. 4 as compared to 

cases (a )  and (c)  of  the same figure. The notation Eqp(s c, i p , )  stands for the self-energy 

correction of  a quasiparticle state ( with frequency ip, .  

Independently on its complexity,  the self-energy in a rotating frame has the same 

structure as that corresponding to a nucleon moving in a spherical nonrotating nucleus 

(cf. Ref. [ 6 ] ) .  Consequently, it is possible to write its retarded expression by using 
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the standard Matsubara's frequency summation method (see Ref. [6,21] for details) 

where one performs the sum over the phonon frequencies iw,, followed by the analytical 

continuation ip,, ~ E 4- il, namely 

.Sret(~:, E 4- i l ) =  ~ ~ ~ qpp,((r l)Q~'*(q)Q~;'(q)  
rl ce, pp' q 

I 
1 + n , , ( < ; , )  ,,,,(,o,,;,) 

X 4- ( 2 0) 
-E ~ i7 --- s~J--E-~ 7 w ,~,----s E 4- i-------[ -- sST'E----~ " T w-~ 'S I ' 

where the Bose and Fermi occupation factors are defined, 

n , (E )  = (e p E -  1) - I  , n , (E)  = (e~E+ I) - I  . (21) 

As already pointed out, the RPA equations are too involved to be solved by finding 

each individual root, and consequently Eq. (20) cannot be used directly, as it was done 

in [6-8] .  We have to rewrite the term containing the sum over the phonon indices q in 

terms of the response function, which contains all the informations about the collective 

vibrations in an implicit form. To be able to use the linear response function, we need 

to proceed in a different way compared to the conventional Matsubara's technique. In 

fact, it is convenient to modify the original expression of the self-energy defined in 

Eq. (18) introducing at this level the analytical continuation ip, ---* E 4- il, followed by 

the summation over the phonon frequencies. This is simply an inversion in the order 

of the steps which are carried out in the standard Matsubara's method but, as we shall 

see below, it leads to the possibility of intoduce the linear response function in the self- 

energy. In fact, the analytical continuation modifies the poles of the fermion Green's 

function, 

1 
, i p , ,  - - ,  E + i l  , (22)  

ip,, - S~'~ E,  - iw,, 

which, after performing the phonon frequency summation, modifies the standard expres- 

sion (see Eq. (20))  of the seffenergy contribution. The details of this method are quite 

lengthly. We provide the main steps in Appendix E and F, while for further details we 

refer the reader to [32]. 

In any case, the retarded self-energy in a rotating frame can be expressed as 

Xret(( 'E 4- i l ) =  E Z qp; '(scrl) 1 Z "E + - H _  s2'~En _ iw,, 
"q e¢, pp~ i~o. . q 

+cx~ 

4- ~dw [14-n,,( iw) ',,(s~o 7) -~_~77,,7-~-- n - ,a~ 

- - s¢, 7 ,7) - n,-(s'"'E~) 

~PP'(E + i l  -s~'TEv)'  if E >  s~nEn , (23) 

x 7-~'p'/p(E+il s ~ E , )  i f E  < s(o 
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in terms of  the response function of the system. 

4.3. Self-energy at zero temperature 

As discussed in [21] ,  the limiting case of  zero temperature can be obtained from the 

finite temperature expression substituting the sum over boson frequencies ( iw, )  with a 

proper integration on the complex plane. Proper limits in Bose and Fermi occupation 

factors should also be taken into account, 

0 if R e z > 0 ,  1 - s  ~"~ 
#/ [ I , , ) r~  ~'r# 

n , ( z )  ~ -71 if R e z  = 0 ,  and ~'~scnzzn) ~ - - 2  

- 1  if R e z  < 0 ,  

(24) 

Because quasiparticle energies are positive quantities, the limit of  Fermi factor depends 

on the sign s~'~. One can now write the final expression 

+ o o  

Xret(f, E q- i l )  = ~-~ ~ qpp,((rl) 277" -E T-ff~--~."?-~ --:-- 
~7 a ,  p p '  - - o o  (711~rl - -  I0 )  

S I'H + o o  ~'~lal z .  ~ l . )  • 
¢n  f d o  pp ,  r i O ) )  - -  T ~ p , p ( l O . J )  

+-7- J ~ -i7- -N ---<'r-x-~ - - - -  s ¢, 7 E~  - lo., 
- - 0 0  {'" ] ,,,1 • 1<,1 ( " ) E  ¢n + 1 7ZJ)p' ( E + tl  - s(,TEn), if E > s~,,7 n 

_ 2 ( 2 5 )  

I , , )  I Ia) • In) I,,) 
s(n- 7gp,p(E + tl  sf~E~), if E < s(,TE ~ 

of the retarded self-energy at zero temperature in terms of  the RPA response functions. 

4.4. Effective mass 

Once the retarded sell-energy is obtained the renormalized energy of the quasiparticle 

can be calculated [2,33] according to 

£'¢ = E¢ + Re X,~t (s c,/~¢ + i l ) .  (26) 

The results are found to be quite stable with respect to variations in the energy averaging 

parameter  I [2] .  The effective mass (w-mass) ,  for each quasiparticle state, can be 

calculated as the inverse of  the residue of the quasiparticle Green function and given by 

mo~((_____~)m = 1 - d R e X r e t ( ( , E  + E=~ " (27) 

Making use of  this state dependent relation, the w-mass is defined in terms of an average 

over levels lying near the Fermi energy. 
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5. Conclus ions  

The particle-vibration coupling is the single, most important mechanism at the basis 

of the dressing of quasiparticles, as testified by the structure of the relations describing 

effective masses and charges, induced interactions, etc. 

In the present paper we have generalized the finite temperature particle-vibration 

coupling formalism developed to deal with spherical nuclei, to the case of deformed, 

rotating nuclei making use of linear response theory. This, in keeping with the fact that in 

lower symmetry systems (as compared to spherical situations), the vibrational spectrum 

is very rich and complex. Once the particle-vibration vertex has been expressed in terms 

of response functions, any quantity resulting from the interweaving of quasiparticle and 

vibrational mode can be worked out. The method has been exemplified by working out 

a closed, compact expression of the quasiparticle self-energy, needed, for example, in 

connection with the calculation of the w-mass. 
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Appendix  A. Mean-f ie ld in the rotating frame and s ignature basis 

In a rotating frame a system is invariant with respect to rotations by rr about an 

axis perpendicular to the symmetry axis. This operation can be carried out through the 

operator/~x defined as/~x = e-i~r)'. Denoting by r the eigenvalues of R, and introducing 

the notation r = e -iTra, one finds for systems with an even number of nucleons (integer 

total spin I),  

r = + l  ( o e = 0 ) ,  1 = 0 , 2 , 4  . . . . .  

r = - I  (ce= 1) ,  I = 1 , 3 , 5  . . . . .  (A.1) 

while for systems with odd particle number we have (half-integer total spin I),  

| I 5 9 r = - i  ( a = + 7 ) ,  1 - ~ , 7 , ~  . . . . .  

I 3 7 II  r = + i  (oe= 7) I =  -- (A.2) -- ' ~ ' ~ ' 2  . . . . .  

The eigenvalues r associated with the rotation operator Rx can be used to classify the 

single-particle states. However, due to its additive nature, it is more convenient define a 

as signature quantum number. 
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In the standard basis where mi is the projection of the angular momentum on the 

symmetry axis z, the operator Jx is not block diagonal with respect to the quantum 

number mi.  This property comes from the breaking of the time reversal invariance. We 

restrict the members of the standard basis to states that satisfy the condition mi > 0 so 

that the dimension of the equations will be reduced by half [35]. Moreover, the chosen 

basis is symmetrized with respect to a rotation of 7"r around the rotational axis x, namely 

we introduce the signature o~ as good quantum number to label the quasiparticle states. 

This new basis can be defined in terms of the original nucleon creation and annihilation 

operators 0~, Oi, as 

4! ---- ~ ((--)re+l/2 1 ) kC] ' (A.3) 

The notation 7 indicates the time-reversal state to i while (7,i) represents, as we will see 

below (A.5), a signature pair. We can now introduce the appropriate Bogoliubov-Valatin 

transformation that diagonalize the HFB Hamiltonian (1), 

i 
! 

a ~ -  

i 

(A.4) 

where U, V, O and 9 are real coefficients. The notation y~'~ is used to specify that we are 

summing over the states of the new basis (A.3) The quasiparticle operators r'fit fit 
• ~ / z ,  #2 

satisfy the property 

(at) (at) 
~ e i~ry' = qzi a t  - . 

a[x ~ 
(A.5) 

This implies that the quasiparticle state /z has negative signature ce = + 1 / 2  ( r  = - i ) ,  

while/2 is the state with positive signature a = - 1 / 2  ( r  = +i ) .  

The quasiparticle energies E~ and E~ are eigenvalues and the coefficients U, V, 0, ~' 

eigenvectors of the matrix 

A - ( e  - A I  + ¢OrotJx) ' (A.6) 

which is derived from the mean-field Hamiltonian, Eq. (1), that is, 

G 
v,~ 

(A.7) 
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Appendix B. Residual interaction classified by signature 

239 

We consider, first of all, the residual pairing interaction associated with the pairing 

potential - A ( P  t + P) ,  where /3t is the monopole pair operator. It can be written as 

/t/p = _ ~ Gepi  p~, /5~ : p~ _ </~}}, (B.1) 

T 

where the index 7" is used to distinguish between proton and neutron single-particle 

states. The expectation value is taken in the quasiparticle vacuum. This expectation 

value is related to the pairing deformation A through the self-consistency condition 
= 

The pairing residual interaction can be expressed with the help of the operators 

/ 5  = # + p , ,  P,_ = i (P  t - P~), (B.2) 

which satisfy the hermiticity condition/5]i ---/5~ i .  These operators carry positive signa- 

ture because 

e -irrj' Pr±e i~rj~ = -t-/sri. (B.3) 

Making use of the definitions of Eq. (B.2), the pairing residual interaction can thus be 

written as 

r p=-t: 

For the multipole-multipole interaction associated with deformation the situation is 

slightly more complicated. In fact, the interaction is defined in terms of the multipole 

operators as 

A 

HL = -gXc' Q[KO_.CK, O_.CK = Z ( r L Y c K ) a  , (B.5) 

where the spherical harmonic functions YcK are defined with respect to the symmetry 

axis z. We shall only consider the quadrupole (L = 2) and octupole (L = 3) terms. Note 

that we should modify the operators in the residual interaction in such a way to include 

the effect of deformation. This is nothing but the use of the doubly-stretched [28] 

and iso-stretched [24] multipole operators. We have furthermore to remember that the 

K-quantum number, that is, the projection of the total angular momentum along the 

symmetry axis, is no longer a conserved quantity at finite rotational frequency. As a 

consequence, it is convenient to deal with operators defined in terms of the quantum 

numbers which are conserved in a rotating frame, namely the parity ~ and the signature 

a (see Appendix A).  For this purpose, one can use the following definition of the 

multipole operators [36] : 

iL+a+K 

QLK~'"I _ , /2(  1 q- aXO) (rLyLK + (--)t'+arLYL-K) ' (B.6) 
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where K > 0 and cr can assume the values 0 and 1. The multipole operators with o~ = 0 

are called signature positive operators while a = 1 corresponds to signature negative 

operators. This difference arizes from the fact that 

e-irrLO~Kei~J~ = +O~)~K, e--irr'J'O~LnKeirrJ~= -O~'x. (B.7) 

The factor i L+a+K i s  introduced to ensure hermiticity of the multipole operators, that 

is ~LK = QLK" Note that the K = 0 quadrupole (octupole) operator Q20 (Q30) has a 

unique signature te = 0 (o~ = 1), which corresponds to the fact that K = 0 bands have 

no signature partners. Using the usual phase convention of the single-particle orbits, the 

matrix elements of all the operators in Eqs. (B.2) and (B.6) can be chosen to be either 

real or pure imaginary. Taking into account these considerations, we then obtain the 

residual interaction of the form given in Eq. (4) in the main text. 

Appendix C. Coupled RPA and response functions 

The excitation operators of the RPA normal modes ,,q 

the quasiparticle operators as 

} = Z ( /zP) ,4~ + (/zP)Au~ (C.I )  [ q q , 

#P  

for positive-type operators and 

q = ~ {Oq ( a ~ ' ) A . .  + q:~q (]-Lb~)A,tLu} , (C.2) 

for negative-type operators. The index q specifies the RPA eigenmodes, and ,I,~-~ 

and ~p~"~ (#r/) are the forwarding and backwarding RPA amplitudes (here we use ~ and 

r/ to denote the quasiparticle indices when the signature quantum number, a = +1/2 ,  is 

not specified). 

The equation of motion and the normalization condition in the RPA theory are given 

by 

[ /2 / '  X q  " ]RI'A : O.)q" A q  " , [ 2 ~ ; " ,  ] RI'^ ~- ¢~qq, , ( C . 3 )  

where the notation [ ] Rr̂  means that we neglect the terms higher then the RPA order 

in the commutator. 

Let us denote the transition matrix elements between the RPA excited states q and 

the yrast state as 

Qp'"' (q) = (qlRp" [COrot} = [Xq^'"l, Rp '̂") ]RPA , 

^(trl 4'~' t[a) 
--pO~"'* (q) : (~rotlk~#,[q) : [Rp , X q  ]RPA. (C.4) 

are constructed in terms of 
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Then, the equation of motion (C.3) is equivalent to the linear homogenous equation 

-p°'~'*(q) = Spp,'"' (O))~p,  tq~ , (C.5) 
p' 

where the quantities Spp, (O)) are the so-called unperturbed response functions necessary 

++~ are obtained by to calculate the vibrational modes. In fact, RPA eigenenergies O)q 

solving the equation 

d e t ( X p ' + S p p , ( O ) ) - 6 p p , )  = 0 .  (C.6) 

This relation corresponds to the condition that (C.5) has a nontrivial solution. This is 

a determinant equation of dimension 7×7 in the a = 0 sector and 2×2 in a = l fl)r 

the pairing plus quadrupole interaction channel, and of dimension 3×3 in ce = 0 and 

4×4 in a = I for the octupole interaction channel, respectively, as one can see from the 

definitions given in Eqs. (5) and (6) of the residual interactions. Each RPA eigenstate 

is characterized by the corresponding forwarding and backwarding amplitudes, 

. i , ,1~(m'I¢¢ x R ( m / . , -  ~ p X p  p ~q) p t ~ )  
~,,~ × Nq , 

Zp ("~ I,vl :~ ~lal :~ xp Qp (q).,v ( ~ )  
= I,, × N q ,  (C.7) 

where Nq is the normalization constant obtained from the relation 

- } : (c8)  
q 

Here we use the notation ( ( , r / )  = (/z,~) for o~ = 0 and ( ( , r l )  = ( /z ,p) ,  (/2,~) for 

O / ~  I .  

The transition matrix elements between the RPA excited states q and the yrast state 

for any of the residual interaction can be expressed in terms of the amplitudes tp,~ "~ (set/) 

and ~p~"~ (.St/), 

Q'"~* (q) = ~ [R;"* (~:r/)0~"' (scr/) - R~" ((r/)#q"' ((r/)]  (C.9) p 

(,7 

The expression for the unperturbed response functions for positive and negative signature 

is given by 

Z 
II 

s(l~ / 
PP' tO)) = Z 

R + o ~ * ,  - .  ~ . ) )  

E # p  - (1) 

R ( I ) *  / x n ( l l  
o t t- t~)t~p , ( t  z u )  

E ~ p  - o)  

(01 - CO) >i¢ - 

+ E~,~ + w j ' 

(11 (1)  ~ RR (/.tt,)Rp, (/.w)'~ 
+ k-F . / '  (C.lO) 

where the quantities Eu~ = Eu + E~ and Eu~ = E~ + E~ are the two-quasiparticle excita- 

tions in the positive and negative sector, respectively. In the case of a nonsuperconducting 
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phase these energies correspond to the usual particle-hole excitations. At finite temper- 

ature the quasiparticle matrix elements, R~ '~ (set/), include the Fermi occupation factors 

in a usual way [30]. 

Appendix D. Linear response theory 

It is convenient to have the explicit expression for the response function, namely its 

spectral representation (see [37]) .  For this purpose we need to calculate the resolvent 

operator 

a ( , o )  = - , o ] - ' .  ( D . l )  

The matrix G(w)  corresponding to the above resolvent is easily obtained once the 

RPA eigenvalue problem is solved. The RPA spectrum consists of complex energies. 

However, one can show that only the real ones correspond to physical solutions, while 

the complex ones are sign of the instability of the system. For nonzero real solutions, the 
(a) eigenvalues and eigenvectors of the RPA can be written as (Wq ">, Xq ), (-Wq<"), Xq-"~), 

where the eigenvectors are defined by 

The spectral representation of the resolvent matrix expressed in terms of these eigen- 

vectors is written as 

r .-.,/ ..~<,,I -I.~ F(tq<,,I 
~q l Aq " _~ A.Aq Xq * 

O ' " ' ( , o )  = [ - o,  + ,o,,'"' + , , ,  , ( D . 3 )  

where the notation X* yt represents a matrix constructed from the product of two vectors 

X and yt (notice that this is valid only when we do not have zero-energy solutions, 

that is spurious states). 

The resolvent matrix can be used to evaluate the spectral representation of the RPA 

response function for two generic one-body operators, ,3, and/~, in the following way: 

7E~"B(w) =- AtG'">(o))B, (D.4) 

where A and B are column vectors representing the RPA part (see Eq. (D.2))  of the 

operators. This means that the numerators of the response function will contains terms 

such as Atx~[ ~ * X~]'~tB that, in the framework of the RPA response, can be written as 

Atx~ 7, , X~q,,,tB = [.3,t, ~-~,,,t ],,,.^ [.~j,,, j~],,,.^ = Q~,>* (q)Q~-, ( q ) ,  (D.5)  

where is used the definition of the transition matrix elements between excited and ground 

state (see Eq. (C.4)) .  
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Introducing this last equality in the spectral representation of the RPA response func- 

tions. Especially what is important in our formulation is a matrix of the RPA response 

functions, in which the raw and the column are specified by the hermite operators which 

consist of the coupled-separable residual interactions in Eq. (4), 

T4pp,(w)_~T4 ~,,, ( w ) = ~ q  ( Q ~ ' ~ * ( q ) Q ~ ( q )  Q ~ ' ~ ( q ) Q ~ * ( q ) ~  '"* e,,j,~e,,7, o),;---7~-~ + o)q'"' T - ~  .] . (D.6) 

The RPA equation is equivalent to the Dyson equation in terms of the resolvent 

G ( w )  = [ 1 + G0(o))V] -~ G0(o)),  (D.7) 

where G0(o)) is the unperturbed one corresponding to the mean-field Hamiltonian, 

Eq. (3),  and the coupled-separable type residual interaction, Eq. (4), is expressed as a 

matrix in the RPA space given by 

V : - ~ x p R ;  '~* Rp')t. (D.8) 

P 

Thus, the RPA response functions in Eq. (D.6) can be directly calculated by 

7-4 = ( 1 - SX) - l  S ,  (D.9) 

where 7"4, S and X (here (X)pp' = Xp6pp ' ) ,  in the actual case of coupled RPA, are 

N x N matrices, where N is the total number of the residual interactions in a specilic 

sector of signature and parity. The matrix S is the unperturbed response function defined 

in terms of two-quasiparticle excitations given by Eq. (C.10). 

Appendix E. New frequency summation 

We start carrying out the standard boson frequency summation of Eq. (18) as ex- 

plained in the textbook [21]. The result is 

Xqp(~, ip , , )=~-~ Z Z q p p ' ( ~ r l ) Q P  ( q ) Q P ' ( q )  
rl a ,  pp '  q 

X l q- n,~(o)q ) - -  ,.tScv12.,i) n~lscn . )  

Pn - s(~ E~ - ¢Oq ip, - s ~ E  n + o)q 

where the relation n,, ( i p , , -  E) = n, (E) - 1 was used (as a consequence of the definition 

ip,, = i (2n + 1)~/ /3) .  The analytic continuation, ip, --+ E + il, of this equation leads to 

the retarded self-energy (Eq. (20)) .  The obstacle that prevents us to introduce the linear 

response function directly in Eq. (20) is the presence of the Bose and Fermi factors 

in the numerators in the square backet, as they do not appear in the RPA response 

functions (cf. Eq. (D.6)) .  To avoid this problem one needs to find a different method 

for carrying out the summation over the phonon frequencies, when one has first made 
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the analytical continuation, that is when one has made the substitution ipn ~ E + iI 

which leads to 

1 qpp,(~rl)Qp , (q)~p, (q) 
Xqp(~:, E ÷ i I )= --fl  ~ Z Z Z -ET i--[ ~ s~'E-----~ -i--w~ 

iw,, r 1 c~, pp'  q 71 

[, ,] 
x i~o, o9C~[ ~ iw, + Wq 

Carrying out the sum over the phonon frequencies at this stage, one obtains 

(E.2) 

~qp(~,E+i l ) :  Z ~ ~ ' " '  I , , , *  qpp, (~~) Q,,, (q) Q~V (q) 
'r/ a,,pp' q 

[ n , , (w~ " ' )  - n,,(E + i l  - s~E,) 

× E + i~l = s}",' E-----~ --w~'---7 
rl 

I + nB(w")  + n,~(E + il - s 'TE,) q 
q . . . . . . .  (q  .1 -~ "I ,,,I w,,,~ " (E.3) E + t - s ( ,E ,  + q J 

The main point to be understood here is that the two results, Eqs. (E.1) and (E.3), are 

different because of the inequality nB (E+ i l -  U)  4= n~(U) - 1, which comes from the 

modification of the Fermion Green's function when the analytical continuation is done 

as a first step. In fact, in the standard case the energies of the fermions are defined in a 

discrete form through ip,, while in this new method the fermion energy is a continuous 

value E + il. However, the difference of these two self-energies, Eqs. (20) and (E.3), 

can be shown to have a suitable form to relate it to the RPA response functions, that is, 

~'ret (~:, E + il) - 2"qp ((,  E + il) 

= ~ ~ qpp,(~zl) ! + n,,(E+ i l  - s¢~E,) - n,.(s~Eo) 
;7 a, pp'  

V - ~ ;  QP (q) Qp,(q) '"'* ,,,, Qp ( q ~ p ,  (q) 

x 9 " E ~ f f t l - - ~ - - - ' " ' -  -S-H -~"-zT-y-=--2'°' \ -t- - -  (71Lrl - -  OAq E .  t - a(71E,71 -1- Wq 
(E.4) 

Inserting Eq. (E.2) into Eq. (E.4), the retarded self-energy is thus expressed as 

~ret ( ( ,  E + il) = ~ ~ q p p ,  ( ( r ] )  - -  E + iI - s~7 En - io~ n 
71 c~, ppl 

t,~) :g la~ (tr) 
Z ( Q p  (q) Qpl(q) Qo, (q) Q~'~* ( q ) )  } 

q ltOn - -  tOq 10) n ÷ O)q 

[ - , ,  + 1 + n , (E  + il s~ E,)  - "~ 

Z ( Q P " ' * ( q )  Q'pI~ (q) - Q~o" (q)Qp~'* (q) ) ]  
× E + il i,,i to~q,1 - - -  ~ ~ -  ~,1 • - s ( ,  7 E ,  - E + i I  - s , ~  ~ ,7  - Wq 

q 

(E.5) 
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Using the formulae given in the next appendix, Eqs. (F.2)-(F.5),  the summation of the 

RPA modes, ~>-~q, can be performed, and the retarded self-energy can be written in terms 

of the response functions, according to 

X.-et((,E + iI) = Z qpp,(£-~7) Z E + iI - s'"'E 
77 a, pp' i,o,, (7 ~1 -- i°)n 

× {½ (7~'pp, ( iw, , - -~p; 'p( iw, , ) )  

+ o o  
/ da l J~pp , ( lO) )_  '__f"' i~o } _ '"' . _ ~ p , p (  ) 

2¢r iw, - iw 
- - o o  

+ [, + ] 

+¢;xD I ) • 
I - -  T ' ~ p , p (  ) [ dwTEp'~,(i~)_~ '"~ iw 

× j 2~ e + i l - ,-~;~ E--~-- iV 
-- OQ 

T ¢ p p , ( E + i I - s " " E n ) ,  if E >  

TCp,p(E + i l -  ,~"~FCn~n), if E <  sen ~'~E n " 

This expression is further simplified by performing the frequency summation of the 

second term in the curly bracket such as 

1 ! 

-fl Z E + il s~,?E~ . - "~"~ - i w , ,  
,¢o, 

~c3<3 

do) TCpp,(~ ) - 7¢p,p(w~) 

2¢r iw. - i~o 

@(X3 / i . . . .  dw s ~'''E 7-¢pp, (to)) 2 TC p._.~, p( , £  
= ~ n , , ( E + i l -  (n n ) - - n ' ( i w )  -E~_-H--_s2,,E, _ i t  o " 

_ rl 
- 0 ( 3  

The final result is given in Eq. (23). 

Appendix F. Integrals of the response function 

We need two different integral forms to solve our problem, that is, 

+oo  

tCrl / {rv) '0) d w  T ~ p p ,  (1  ) 
Ipp, ( E  + i l )  = 

2¢r E + il - io) 
-- CX3 

,o~ .o ,  [ d o , ~ ; ; , ( ~ )  
J~p, (t n) = j 2rr ico, -- iw " 

-- OQ 

The important results that we obtain using these integrals are 

(El) 
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QO ( q ) ~ p '  (q)  

E + i l  - w ~ [ '  
q 

+cx~ 

/ d w  ~ p p , ( t  o9) - ~ ' " ~  ( E + i l )  

2zr E + i l  - iw PP' ' 
- - 0 0  

= +(X~ 

'"~ iw dw ~"~pp, ( ) 

2 ~  E + i l  - iw ' 
- - 0 0  

if E > 0 ,  

if E < 0 ,  

Q; '  (q) Q~,'* (q) 

q 

+ ~  
d w  T~pp, (io)) 

27r E + i l  - iw ' 

+oo 

f d w  ~ , ( i w )  ~ ' ~  t E + i l )  
2 ~  E + i!  - iw + PP' ~ ' 

- -0 (3  

if E > 0 ,  

i f E < O ,  

_ '"' / dw T~pp, ( ) Z Q P " * ( q ) Q P '  (q )  = + ~  '"' iw 

twn - w~ "~ 2rr iw,, - i~o 
q - - 0 o  

~ l a l  / \ , .~(~):y q - O O  (tr) 
p t q ) ~ p ,  (q)  = / dtoT~pp,(i°)) 

iw,, + w',]" 2~r iw,, - iw 
q - - O c  

(E2) 

(F.3) 

] , ' n ( a )  e "(1) x , ~l~'pp, t I n) (E4) 

1 ,'j~ (a)  
~- ~ ,~pp, (icon) . (F.5) 
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