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Abstract

The particle-vibration coupling formalism is generalized to deal with hot, strongly rotating
nuclei. In this way the basis to carry out a microscopic description of the structure of compound
nuclei has been developed, in particular the calculation of the effective mass of nucleons close
to the Fermi energy. As a consequence, it will be possible to provide a realistic estimate of the
nuclear level density as a function of rotational frequency and temperature, a quantity which is
among the key ingredients needed in the study of the evolution of the cooling of the compound
nucleus through nucleon and y-decay. (© 1999 Elsevier Science B.V. All rights reserved.

PACS: 21.60; 21.60.J
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1. Introduction

In mean field theory nucleons move independently of each other filling the combined
pullings and pushings of the other nucleons when trying to leave the nucleus. The
nuclear surface is not only a static barrier confining self-consistently the motion of the
nucleons, but can be excited by them into vibrational modes which can, at a later time,
be reabsorbed by the same or by a different nucleon. Associated with these phenomena
are the mean free path (cf. e.g. Ref. [1] and references therein), nucleon effective mass
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(w-mass) (cf. e.g. Ref. [2] and references therein) and the nucleon-nucleon induced
interaction (cf. Refs. [3-5] and references therein).

While much effort has been concentrated in the study of the particle-vibration cou-
pling and its consequences for the structure of spherical nuclei (cf. e.g. Refs. [6-8]
and references therein), little has been done concerning deformed nuclei let alone hot,
rotating systems. This situation is not a particularly brilliant, if one thinks that (a) to
extract information from the decay of compound nuclei (i.e systems corresponding to
a statistical ensemble of shapes) which can be directly compared to model predictions
one needs to know the level density as a function of temperature and of angular mo-
mentum, a quantity which depends, through the level density parameter, on the nucleon
effective mass and thus on the ability the particles have to couple to surface vibration
in deformed nuclei, (b) to accurately calculate the alignment of single-particle lev-
els, a quantity needed in the study of rotating nuclei in general, and the study of the
superfluid-normal nuclear phase transition as a function of the angular momentum and
of temperature in particular, as well as in the study of the damping of rotational motion,
one needs to calculate the coupling of single-particle motion to pairing vibrations [9-11]
and thus also to surface vibrations of deformed nuclei, (¢) to determine the properties
of the levels of a cranked Hartree-Fock Hamiltonian entering in the calculation of the
intrinsic states of rotational bands as well as in the calculation of giant resonances in
general, and of the giant dipole resonance in particular [12], one needs to know both
the single-particle effective mass and width, and thus its coupling to surface vibrations
of deformed nuclei.

To qualitatively change the level of accuracy with which the variety of quantities are
calculated going beyond mean field, one needs to take up the task to reformulate the
particle-vibration coupling model which lies at the basis of Nuclear Field Theory, for
the case of superfluid, strongly deformed, rapidly rotating and highly excited nuclei.
This is the main goal we have set us, and on which we shall further elaborate in this
introduction.

For both spherical and deformed nuclei, a field theoretical treatment of the interweav-
ing of single-particle and collective degrees of freedom exist (cf. Refs. [4,13,14] and
references therein). However, while theory has been developed into a powerful predic-
tive tool in the case of spherical systems and the associated computational scheme has
been tested in a large variety of situations and used with success in the analysis of large
class of experiments, essentially no calculations exist in the literature for deformed nu-
clei. The reason for such asymmetry in the study of the particle-vibration phenomenon
is quite simple and is associated with the special role spurious states play in deformed
nuclei as compared to spherical nuclei.

In fact, within mean field theory of deformed, superfluid nuclei, there are two classes
of spurious states. One is associated with the violation of rotational invariance, the other
with the violation of gauge invariance. In other words, because the BCS wave function
in the Nilsson basis has neither a fixed value of the angular momentum nor of the
number of particles, the system described by this wave function displays modes with
vanishing frequency and divergent matrix elements of the quadrupole and of the two-
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particle transfer operators. These spurious states, together with that associated with the
violation of translational invariance typical of the shell model, can be made orthogonal
to all physical states by diagonalizing the corresponding particle-vibration coupling
Hamiltonian, in the random phase approximation (cf. e.g. Ref. [4] and references
therein).

However, when a particle is added to the system, the spurious states, through the
coupling to the odd-nucleon, mix again into the spectrum. The solution to this problem is
a necessary condition to be able to carry out nuclear structure calculations in deformed,
superfluid nuclei which go beyond mean field theory. While in the case of spherical
nuclei, the spurious state associated with the nonconservation of the number of particles
typical of superfluid nuclei does not mix, as a rule, with surface vibrational modes
(quadrupole, octupole, multipole vibrations) due to angular momentum conservation, in
deformed nuclei, the pairing spurious modes do mix with surface modes. This is the
reason why, in spite of the fact, as mentioned before, that a field theoretical treatment of
the particle~vibration phenomenon in deformed nuclei exists, it still awaits a practical
formulation. On the other hand, in a previous paper [15], the authors have given an
operative and economic solution to the question of how to deal with spurious states in
superfluid, deformed nuclei, which have been tested both against schematic models for
which exact solutions exist, as well as against the experimental finding through detailed
applications to realistic situations [16]. In this sense, Ref. [15] can be viewed as the
first of a trilogy of which the present paper is the second and Ref. [16] will be the
third.

In keeping with the discussion above, it is now easy to explain the rationale lying
behind the present paper. Once one knows how to eliminate the spurious states in an
arbitrary situation, one needs to implement the calculations of the nuclear spectrum and
of the associated transition probabilities, taking also into account the particle-vibration
coupling phenomenon. Because of the lower symmetry displayed by mean field solutions
describing the system as compared to the original Hamiltonian, both the single-particle
and the collective spectrum of deformed, superfluid nuclei are richer than that observed
around closed shell nuclei. If one furthermore sets the nucleus into rotation, time reversal
invariance is also violated and the spectrum becomes even richer.

From the point of view of computation, richness implies complication. In particular,
to find the energy of the vibrational modes which couple to the motion of the nucleons
becomes, assuming the spurious states have been already removed from the spectrum,
essentially an impossible task. In particular, within RPA, and because both particle-
hole and particle—particle channels with both angular momentum L = 0 and 2 mix
(e.g. pairing and B-vibration), the explicit determination of each single root of the
RPA matrix is out of the question. This is because one is dealing, essentially, with a
continuous of vibrational modes to which the nucleus couples, a situation which does
not become easier to handle when temperature is added to the system.

Similar problems have been encountered in the study of infinite systems. However,
this case is qualitatively simpler than the nuclear case, in the sense that the properties
of the single-particle spectrum change smoothly with energy, not displaying the strong
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state dependence typical of deformed rapidly rotating nuclei, a dependence which is the
fingerprint of the finite character of the system (so-called quantal size effects (QSE),
as they were first called by Kubo in his seminal studies of small particles [17,18]).
In fact, one has to consider an infinite system with impurities (also of magnetic type
which parallel the high-j intruder states found in the case of the nuclear spectrum)
leading e.g. to Anderson localization and to high 7. (cf. e.g. [19,20]) to come close to
the taxing computational situation one encounters in dealing with the particle-vibration
phenomenon in deformed, superfluid, rapidly rotating nuclei.

In spite of all these difficulties, and as argued above, the development of a for-
malism to treat the particle-vibration coupling in warm, strongly rotating nuclei is a
task which can hardly be delayed, and a proper analysis of the variety of phenomena
which are at the basis of the nuclear structure of these systems is long overdue. A
task which is at the basis of the results presented in this paper and which, in spite
of being highly technical (determination of the quantum numbers characterizing the
single-particle basis, formulation of Matusbara’s finite temperature Green’s function to
describe the particle-vibration phenomena in terms of linear response theory taking into
account QSE, accidental degeneracies and thus zero-energy denominators, etc.) results
in simple, powerful expressions (like that provided by Eqs. (23), (25) and (27) for
the effective mass) to calculate the observables of the system and thus the corrections
to mean field theory, creating dressed particles (quasiparticles) whose properties can be
directly confronted with the experimental findings.

At the basis of the formulation of the particle-vibration coupling developed in the
present paper is the idea, also uSed in condensed matter physics, to recur to linear
response function theory to deal with the particle-hole and particle-particle (two-
quasiparticle like) excitation spectrum of the system. Computationally, this is to a large
extent equivalent to use a course mesh approach for the calculation of the vibrational
spectrum and its coupling to the nucleons.

In what follows we developed the formalism describing the particle—vibration coupling
in highly excited, deformed, rapidly rotating nuclei. In Section 1 the quasiparticle basis
is introduced, while surface and pairing vibrations are discussed in Section 2 within
the framework of the random phase approximation (RPA) in a two quasiparticle basis.
The interweaving of the quasiparticle motion and the collective modes at zero and at
finite temperature is discussed in Section 3 making use of Matsubara’s formalism (cf.
Ref. [21]). The last section is devoted to the conclusions. The results of the application
of this formalism will be presented in part II of this paper [16].

2. Quasiparticle in a rotating frame

The starting point of the calculation is the Hamiltonian
ilrot = ildef + 0P ~ AN - wroljx s (1)

sum of a Nilsson Hamiltonian figes [22] and of the BCS pairing mean field
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Up= -A(PT+P), (2)

where PT = > cTc~ is the pair creation operator. The single-particle state 7 is time re-
versed to the smgle particle state i, while A is the pairing gap. To restore rotational and
gauge invariance, at least in average, the system is set in rotation through the external
fields (cranking approximation) —wiordy and —AN, where J, and N are the angular
momentum and particle number operators, respectively, while w;o and A are rotational
frequencies in 3D- and in gauge-space. Appropriately adjusting the value of these pa-
rameters, which can be viewed as Lagrange multipliers of the energy minimization
problem (diagonalization of B, one can fix the average number of particles and the
average value of the angular momentum. In keeping with the fact that hyo is invariant
only with respect to a rotation of angle 7 around the x-axis, and with respect to parity
transformation, the quantum numbers which identify the corresponding single-particle
eigenstates are signature « (see Appendix A for details) and parity 7. We shall denote
with u single-particle states with signature negative @ = +1/2 (r = —i) and with £
positive single-particle signature states o = —1/2 (r = +i). Within the basis of states
|a, 7r) the Hamiltonian i is diagonalized by rewriting it in term of quasiparticle &1
operators (cf. Ref. [23]), leading to

fzr(,l:Eoﬁ—ZE#&f&,L-kZE ataz, (3)
"

where E, ;) is the quasiparticle energy associated with the state u(f).

3. The RPA in a rotating frame

In what follows we shall calculate the variety of vibrational nuclear modes in deformed
rotating nuclei by diagonalizing, in the RPA and in a two-quasiparticle basis, a monopole
pairing interaction and multipole—multipole particle-hole interactions, that is,

H:;{» —_1 szm R(u) (4)

where I?‘p"‘ are one-body Hermitian operators, and x| the corresponding coupling
strengths. The indices a and p represent, respectively, the signature quantum number
(a = 0,1 labeling positive and negative signatures (cf. Appendix B)), and the different
components of residual interactions. The coupling strengths y should be determined
by the self-consistent condition between the density distribution and the single-particle
potential. As explained above, we adopt the following operators:

Ry'=Py P P P O 0% 0% (m=+),

=0y 0% 0% (m=), )
Ry=03 O3 (m=+),

=0y 0 0% O (m=-), (6)
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Fig. 1. Result of the action of a one-body operator in a quasiparticle basis. Graph (a) represents the creation
of a two-quasiparticle excitation while graph (b) shows the scattering of a quasiparticle state into another
state.

for the positive and negative signature, respectively. The symbol ~ is used to denote
that they are iso-stretched and doubly-stretched multipole operators [24-28].
The expressions of the operators in the quasiparticle representation are given by

Ry =3[R () AL, + h.c.] + Z Ry (uv)B), .

up my
1
R =S [RY ()l +he] + 3 [R;,“(,uﬁ)él,-, + h.c.] , (7)
n<v y73%

where the notation ZZV means that when a pair (uv) is summed, its signature partner
(@7) should also be summed, and use was made of the bilinear operators

T T
wr = Cp

8
T i (8)
a “

The operator A" creates two- -quasiparticles while B' scatters one quasiparticle from one
state to the other. These processes are shown in Fig. 1. In case (a) the generic single-
particle operator F with signature @ acts on the quasiparticle vacuum to give rise to
a two-quasiparticle excitation. Because of the additivity of e, the signatures quantum
number a,s) of the quasiparticle states labelled by y(8) participating in the process
depicted in Fig. 1a satisfy the relations

a=0 ay+as=a => vy and § have opposite signature ,

a=1 ay+as=a => 1y and § have same signature. 9
Similarly, in the case of the process shown in Fig. 1b one finds

a=0 ay =as+a =3 vy and § have same signature ,
a=1 ay =as+a => vy and § have opposite signature . (10)
Consequently, in the case where the operator has positive signature, the coefficients of

the operators A contain only combinations of states of opposite signature (w7) while
in the signature negative operators the states can be both (uv) and (av) (cf. Eq. (7)).
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In this latter case a simple way to avoid double counting in carrying out the summations
appearing in Eq. (7) is to impose the condition 0 < » and & < ». Similar arguments
to deduce the structure of the expansion coefficients of the term proportional to the B!
operators can be carried out making now use of the conditions given in Eq. (10) for
the quasiparticle quantum number of the states connected in the scattering process.

Summing up, the Hamiltonian describing the quasiparticle interaction responsible,
among other things, for the presence of surface and pairing vibrations is

H=const.+ Y E,ala, + Y  Epblaz + Ho + Hy, . (1)
3 i

In a rotating system, and even if the quasiparticles interact through separable forces,
the RPA equations lead to a couple set of dispersion relations which, because of the large
number of two-quasiparticle excitations (of the order of 10* for a typical medium-heavy
nucleus), becomes numerically quite difficult to solve by searching for each single root.
On the other hand, this search can be avoided making use of linear response theory. As
an example, the RPA ground state correlation energy has been calculated by using this
technique, without explicitly solving the RPA equations [12].

The definition of the RPA response function, which measures the change in the
expectation vaiue of the operator f?;;” it we bring the system in an external field of type
R‘;', is

R=(1-Sy)'s. (12)

The so-called unperturbed response function S describes the response of the non-
interacting system and is the quantity that contains explicitly the temperature dependence
through Fermi factors. The expression of S is given in Appendix C while we refer the
reader to Refs. [29,30] for details of the generalization of the RPA response function
at finite temperature.

Both R and S are matrices with respect to the components of separable interactions.
Using spectral representation, the linear response can be written as

(tv\* (a) (a} 1(1)*
R;;;,m):zj( P @9 (9 %@y <q>>' .

wy"' —w w' + o
q

See Appendices C and D for the details of the derivation.

4. Self-energy in a rotating frame

As already mentioned, in a deformed rotating system the single-particle states carry
signature and parity as good quantum numbers, quantum numbers which have to be
conserved at each vertex coupling a particle to a vibration (cf. Fig. 1 and related
discussion). Because of the lower symmetry of a deformed rotating nucleus as compared
to the case of spherical nonrotating systems, the retarded self-energy needed in the
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(a) (b)

Fig. 2. Basic couplings between a quasiparticle and a collective mode which contribute to the self-energy.

calculation of e.g. the nucleon effective mass in the former case is expected to be more
involved than that associated with the latter case [6].

4.1. Quasiparticle-vibration coupling

The starting point for defining the quasiparticle self-energy is the quasiparticle-
vibration Hamiltonian describing the coupling between a quasiparticle and a surface
or pairing vibrational mode which, in second quantization, are created by the operators
&L and )?:;“”, respectively, acting on the corresponding vacuum (BCS and RPA). The
effective Hamiltonian describing the total system built up of single quasiparticles plus
surface vibration can be written, in a rotating frame [31], as

A= Eala, + 3 Ealag + 33 hor X %0 + 3 A0 (14)
o i a 4 a
where I:Igoup] is the quasiparticle-vibration coupling Hamiltonian with signature quantum
number a,
H ==Y x5 (vib) " (ap) . (15)
p

The expressions of the vibration and quasiparticle Hamiltonian (both Hermitian opera-
tors) for different signature are given by

By (vib) = 3 [@p (@ £y +he (19)

q

and

W ap =% [R'pm (up) AL, + h.c.} +Y R (uv)Bj,,

uv i
@) =Y (R Ly +he] + 3[Ry (un Bl +he). an
m<v 1224

The main vertices of this quasiparticle-vibration coupling are depicted in Fig. 2. Graph
(a) of Fig. 2 represents the scattering of a quasiparticle from a state u to another
state v, through the creation of a vibrational mode. The process depicted in graph (b)
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Fig. 3. The lowest second-order processes by which the quasiparticle motion is renormalized by the coupling
to the collective mode.

of Fig. 2 corresponds to collective excitation with creation of a two quasiparticle-like
excitation. These vertices are generated by application of different operators, that is, Bf
and AT in case (a) and (b), respectively. It is important to keep in mind this simple fact,
as it has important consequences on the nature of the corresponding particle-vibration
matrix elements associated with the process, differences which can be traced back to
signature conservation (cf. Fig. 1 and related discussion). In order to keep track of
these differences we shall, in what follows, distinguish between the self-energy diagram
associated with vertices of “type” BT and of “type” A!. This is done in Fig. 3, where
graph (a) represents the self-energy correction due to the Bt operator while graph (b)
is the outcome of the A' operator. In the limit of a normal system, the second self-
energy diagram will correspond to the situation in which the intermediate state is an hole
state. Consequently, the associated energy denominator will be —(E — (&, — A) + w,)
while, in the superfluid case, the energy is —(E + E, + w,). A representation of the
variety of processes contributing to the quasiparticle self-energy which explicitly takes
into account the conservation rules discussed above is shown in Fig. 4. From this figure
it is seen that, for a particle of negative signature o = 1/2 (r = —i), the intermediate
state v in diagram (a) of Fig. 3 has the same value of « if the collective mode has
positive signature while it has opposite signature when the collective mode has a = 1
(graphs (a) and (c) of Fig. 4). The situation is inverted when one considers diagram
(b) of Fig. 3 where the operator A’ is involved. The conservation of & produces graphs
(b) and (d) of Fig. 4.

4.2. Self-energy at finite temperature

Taking into account the four possible diagrammatic contributions to the self-energy
in a rotating frame, one can use finite temperature Green’s function technique [21] to
write the expression of the self-energy as

(¥

1 4,y (EM Q" () Q) (q)
qu(f,zpn)——ﬂzz > o =S, ~ i

iwy M a,pp’ Y
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H(+1/2)

v(+1/2) avib=0 H+1/2)

v(-1/2)

W(+1/2)

w(+1/2)

() (b)

n+1/2)
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H(+1/2)

© d

Fig. 4. Basic diagrams representing the self-energy of a quasiparticle state in a rotating frame. A wavy line
stands for a collective vibration. Graphs (a) and (b) correspond to the case of vibrations with positive
signature (a = 0) while graphs (c) and (d) are associated with vibrations with negative signature (a = 1).

()

lw, — Wy lwy + wy

1 |
X = } (18)

where iw, = i27n/B and ip, = i(2n+ 1)7/B (n=0,+1,+2, ...) are the phonon and
fermion frequencies and where

oy (€1) = X RPF(EMRY (EM Ny . s = (m)THmon, (19)
In the expression above an attempt to simplify the notation has been made. The states
involved at the vertices of the self-energy diagrams (see Fig. 4) have been labelled by ¢
for the initial state which can be either u or &, and the sum over the intermediate state
7 stands for states with both signatures » and 7. Note that both the A and Bt-type
quasiparticle matrix elements in Eq. (17) appear as R, (£7) and it is understood that
Ry (pv) = R},"’*(V,a). The signature of these states is indicated by az(,) while « is
the vibrational signature index. The sign s‘fn’ is necessary to distinguish the different
behaviour of the energy denominators in case (b) and (d) of Fig. 4 as compared to
cases (a) and (c) of the same figure. The notation 3y, (£, ip,) stands for the self-energy
correction of a quasiparticle state ¢ with frequency ip,.

Independently on its complexity, the self-energy in a rotating frame has the same
structure as that corresponding to a nucleon moving in a spherical nonrotating nucleus
(cf. Ref. [6]). Consequently, it is possible to write its retarded expression by using
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the standard Matsubara’s frequency summation method (see Ref. [6,21] for details)
where one performs the sum over the phonon frequencies iw, followed by the analytical
continuation ip, — E + il, namely

Sel& E+ID =) Y > g (6m) Q¥ (@) Q) (9)

n app g
Lty (") — ne(sgnEq)  ny(wy") + nF(S"” n)
! . (20)
E%—I'I—.'&?’E,7 wy" E+il — E + wy"
where the Bose and Fermi occupation factors are defined,
n(E)=(PE—1)7' n(E)=(efE+ )7 (21)

As already pointed out, the RPA equations are too involved to be solved by finding
each individual root, and consequently Eq. (20) cannot be used directly, as it was done
in [6-8]. We have to rewrite the term containing the sum over the phonon indices ¢ in
terms of the response function, which contains all the informations about the collective
vibrations in an implicit form. To be able to use the linear response function, we need
to proceed in a different way compared to the conventional Matsubara’s technique. In
fact, it is convenient to modify the original expression of the self-energy defined in
Eq. (18) introducing at this level the analytical continuation ip, — E + il, followed by
the summation over the phonon frequencies. This is simply an inversion in the order
of the steps which are carried out in the standard Matsubara’s method but, as we shall
see below, it leads to the possibility of intoduce the linear response function in the self-
energy. In fact, the analytical continuation modifies the poles of the fermion Green’s
function,

1
- " :
pp — Sf';]E,] — Wy

, ipn — E+il, (22)

which, after performing the phonon frequency summation, modifies the standard expres-
sion (see Eq. (20)) of the self-energy contribution. The details of this method are quite
lengthly. We provide the main steps in Appendix E and F, while for further details we
refer the reader to [32].

In any case, the retarded self-energy in a rotating frame can be expressed as

R (iwy) + Ry (iwy)
E )= o [44 P
Tl £ BRI =D ) gy ém) { Z E+il — 55 Ey — iw,

n a,pp

+00
do R (iw) — RS (iw)
do T Nt u)E ] op o'e
+ / Imr [ +liw) = ne(sgp Ey) E+il —sgE, — iw
-0

—[1+n,,(E+i1 SO Ey) — ne(sgE )}

RO (E+ il — s‘ ”E )y, if E>SsYE
% { 122 3/ ’ (23)

R;ﬁ;(E%— il — sg;]En), if E< s‘f’;;E,,
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in terms of the response function of the system.

4.3. Self-energy at zero temperature

As discussed in [21], the limiting case of zero temperature can be obtained from the
finite temperature expression substituting the sum over boson frequencies (iw,) with a
proper integration on the complex plane. Proper limits in Bose and Fermi occupation
factors should also be taken into account,

0 if Rez>0, 1— @
my(z) —{ -3 ifRez=0, and m(sgEy) — — é (24)
—1 if Rez< 0,

Because quasiparticle energies are positive quantities, the limit of Fermi factor depends

on the sign s, . One can now write the final expression

+o0
1 do R (iw) + R (iw)

,E 1) = (al/ _ PP g p
SelEE+iD) =)0 Y qp(én) [2 2r E+il - 5o By — o

n a,pp’ oo

s(:r) +o0 R(n) (la)) - R(n) (l(l))
% [deT
2 2m E+il = s{Ey — iw

— 00

()

Seo +
fﬂ @ . 1 . a
e Ry (E+il ~ s‘fn’E,,), if E> s‘_‘,’f”’E,7 25,

s —1
én a . o . «
—5 ’R;J,’p(E—}- i — s‘fﬂ’En), if £E< s‘f,;E,,

of the retarded self-energy at zero temperature in terms of the RPA response functions.

4.4. Effective mass

Once the retarded self-energy is obtained the renormalized energy of the quasiparticle
can be calculated [2,33] according to

Ey=E; +Re S (&, E¢ + il) . (26)

The results are found to be quite stable with respect to variations in the energy averaging
parameter [ [2]. The effective mass (w-mass), for each quasiparticle state, can be
calculated as the inverse of the residue of the quasiparticle Green function and given by

my, (£) dRe 3 (€, E+ i)
— =1 - .
m dE E=E[

(27)

Making use of this state dependent relation, the w-mass is defined in terms of an average
over levels lying near the Fermi energy.
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5. Conclusions

The particle-vibration coupling is the single, most important mechanism at the basis
of the dressing of quasiparticles, as testified by the structure of the relations describing
effective masses and charges, induced interactions, etc.

In the present paper we have generalized the finite temperature particle-vibration
coupling formalism developed to deal with spherical nuclet, to the case of deformed,
rotating nuclei making use of linear response theory. This, in keeping with the fact that in
lower symmetry systems (as compared to spherical situations), the vibrational spectrum
is very rich and complex. Once the particle~vibration vertex has been expressed in terms
of response functions, any quantity resulting from the interweaving of quasiparticle and
vibrational mode can be worked out. The method has been exemplified by working out
a closed, compact expression of the quasiparticle self-energy, needed, for example, in
connection with the calculation of the w-mass.
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Appendix A. Mean-field in the rotating frame and signature basis

In a rotating frame a system is invariant with respect to rotations by 7r about an
axis perpendicular to the symmetry axis. This operation can be carried out through the
operator R, defined as R, = e~ i, Denoting by r the eigenvalues of R, and introducing
the notation r = ¢~/"®, one finds for systems with an even number of nucleons (integer
total spin [),

r=+1 (a=0), 1=0,2,4,...,
r=—1 (a=1), [I=1,3,5,..., (A1)

while for systems with odd particle number we have (half-integer total spin [),

r=—i (a=+y),

r=-+i (a:—%), Lo (A.2)

The eigenvalues r associated with the rotation operator R, can be used to classify the
single-particle states. However, due to its additive nature, it is more convenient define o
as signature quantum number.
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In the standard basis where m; is the projection of the angular momentum on the
symmetry axis z, the operator J, is not block diagonal with respect to the quantum
number m;. This property comes from the breaking of the time reversal invariance. We
restrict the members of the standard basis to states that satisfy the condition m; > 0 so
that the dimension of the equations will be reduced by half [35]. Moreover, the chosen
basis is symmetrized with respect to a rotation of 7 around the rotational axis x, namely
we introduce the signature a as good quantum number to label the quasiparticle states.

This new basis can be defined in terms of the original nucleon creation and annihilation
operators é,T, i, as

dT 1 1 ()m 1/2 A’T
<‘”> ﬁ((—)"'“/"’l ) e ) 43

The notation i indicates the time-reversal state to i while (7,i) represents, as we will see
below (A.5), a signature pair. We can now introduce the appropriate Bogoliubov-Valatin
transformation that diagonalize the HFB Hamiltonian (1),

Q)

=Z< il +Vaid:)

Oud! +7, (f) (A4)

N
T+
I
-]
/_\

where U, V, U and V are real coefficients. The notation Z: is used to specify that we are
summing over the states of the new basis (A.3). The quasiparticle operators ( c‘zL,&I_L)
satisfy the property

t t

s a L7 a
e~ ( ’;) e = q:i( 4‘) : (A.5)

g 45

This implies that the quasiparticle state x4 has negative signature a = +1/2 (r = —i),
while z is the state with positive signature @ = —1/2 (r = +i).

The quasiparticle energies E, and Ej; are eigenvalues and the coefficients U, V, U, v
eigenvectors of the matrix

_ (e — Al — wrotjx) A
M— ( A _(8"/\1+wrotjx)> ’ (AG)

which is derived from the mean-field Hamiltonian, Eq. (1), that is,

()= () ()=

R

) . (A7)
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Appendix B. Residual interaction classified by signature

We consider, first of all, the residual pairing interaction associated with the pairing

potential —A(PT + P), where P! is the monopole pair operator. It can be written as
Ay=-> G.BlB,. Bl =Bl —(B]), (B.1)
T

where the index 7 is used to distinguish between proton and neutron single-particle
states. The expectation value is taken in the quasiparticle vacuum. This expectation
value is related to the pairing deformation A through the self-consistency condition
A, = GP]).

The pairing residual interaction can be expressed with the help of the operators

P =PI+ P, P._=i(Pl - P, (B.2)

which satisfy the hermiticity condition P,Ti = P,1. These operators carry positive signa-
ture because

e—iwj‘ p‘riehrf, — +13'r:!: . (B3)

Making use of the definitions of Eq. (B.2), the pairing residual interaction can thus be
written as

Ap=-3"%"G,PLP,. (B.4)

T p=%

For the multipole-multipole interaction associated with deformation the situation is
slightly more complicated. In fact, the interaction is defined in terms of the multipole
operators as

A
a, = ‘“%XLQAZKQALK’ QLK=Z(VLYLK)av (B.5)

a=1

where the spherical harmonic functions Y x are defined with respect to the symmetry
axis z. We shall only consider the quadrupole (L = 2) and octupole (L = 3) terms. Note
that we should modify the operators in the residual interaction in such a way to include
the effect of deformation. This is nothing but the use of the doubly-stretched [28]
and iso-stretched {24] multipole operators. We have furthermore to remember that the
K-quantum number, that is, the projection of the total angular momentum along the
symmetry axis, is no longer a conserved quantity at finite rotational frequency. As a
consequence, it is convenient to deal with operators defined in terms of the quantum
numbers which are conserved in a rotating frame, namely the parity 7 and the signature
a (see Appendix A). For this purpose, one can use the following definition of the
multipole operators [36]:

. l‘L+a+K

ik = = (r"Yux + ()M Yik) | (B.6)

V2(1 + Oko)
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where K > 0 and @ can assume the values 0 and 1. The multipole operators with @ =0
are called signature positive operators while @ = | corresponds to signature negative
operators. This difference arizes from the fact that

—imd, J. —iml, A
e I Q(()) imd +Q2))Ky i Q(Llll(e ;‘I}(' (B.7)

The factor i“***X js introduced to ensure hermiticity of the multipole operators, that
is 0% = Qi Note that the K = 0 quadrupole (octupole) operator Oz (Q30) has a
unique signature @ = 0 (a = 1), which corresponds to the fact that K = 0 bands have
no signature partners. Using the usual phase convention of the single-particle orbits, the
matrix elements of all the operators in Eqgs. (B.2) and (B.6) can be chosen to be either
real or pure imaginary. Taking into account these considerations, we then obtain the
residual interaction of the form given in Eq. (4) in the main text.

Appendix C. Coupled RPA and response functions

. Tia .
The excitation operators of the RPA normal modes X, are constructed in terms of
the quasiparticle operators as

XT‘O) _ {WO’(#V)A ‘0’(;LV)A,W} , (C.1)
ub

for positive-type operators and

sz =Z{¢é]n(/u,)A”r ‘”(,U,V)A,L,,} (C.2)

w<v

for negative-type operators. The index g specifies the RPA eigenmodes, and ¢,” (én7)
and ¢y (én) are the forwarding and backwarding RPA amplitudes (here we use ¢ and
1 to denote the quasiparticle indices when the signature quantum number, a = £1/2, is
not specified).

The equation of motion and the normalization condition in the RPA theory are given
by

[H, X;(n) ]RM - w;;n)?:;(m , [X(u), X'Tm) ]RPA = qq , (C3)

where the notation [ ], means that we neglect the terms higher then the RPA order
in the commutator.

Let us denote the transition matrix elements between the RPA excited states g and
the yrast state as

Qi (q) = (qIR |wror) = [ X", R Trea »

A A A‘r
Q¥ (q) = (| RS ) = [RS, X4 Trea - (C4)
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Then, the equation of motion (C.3) is equivalent to the linear homogenous equation

@ n¥
Qr*(g) = S ()25 (q). (C5)
o
where the quantities S‘p‘;;, (@) are the so-called unperturbed response functions necessary
to calculate the vibrational modes. In fact, RPA eigenenergies w;” are obtained by
solving the equation

det (X‘p‘"S;;,(w) —6,,p,> =0. (C.6)

This relation corresponds to the condition that (C.5) has a nontrivial solution. This is
a determinant equation of dimension 7x7 in the @ = 0 sector and 2x2 in @ = 1 for
the pairing plus quadrupole interaction channel, and of dimension 3x3 in @ = 0 and
4%4 in a = | for the octupole interaction channel, respectively, as one can see from the
definitions given in Egs. (5) and (6) of the residual interactions. Each RPA eigenstate
is characterized by the corresponding forwarding and backwarding amplitudes,

S, X5 @RS Em)

ey = + ,
o (Em) P —— 4
{ear} Q(m*( R(rr)*

¢("‘(§n)=-Z”X" w9 = (en) X Ny, (C.7)

4 Ef+ E; + oy
where N, is the normalization constant obtained from the relation

ST {wre el (En) - o (EmeEmt =1, (C.8)

q

Here we use the notation (£,7m) = (u,#) for @ = 0 and (&,71) = (u,v), (@, v) for
a=1.

The transition matrix elements between the RPA excited states g and the yrast state
for any of the residual interaction can be expressed in terms of the amplitudes " (£7)

and @7 (£1),

Q¥ (q) =Y [R*(Emy (6n) — Ry (Emely (Em)] . (C9)
én

The expression for the unperturbed response functions for positive and negative signature
is given by

Ry (up)RY (up) | R (ub)RY” (up)
Sl()\l(a)) - Z ( 4 + [4 ,
PP
y724

E/U_’_w Ey,)?+w
" R(n* PYRY (v R (uy Rn/)* v
1 (o =30 (B ER Ga) R G By ) ) 10
PP o E, —o E, +o

where the quantities E,.; = E, + E; and E,,, = E, + E, are the two-quasiparticle excita-
tions in the positive and negative sector, respectively. In the case of a nonsuperconducting
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phase these energies correspond to the usual particle-hole excitations. At finite temper-
ature the quasiparticle matrix elements, R;" (£7), include the Fermi occupation factors
in a usual way [30].

Appendix D. Linear response theory

It is convenient to have the explicit expression for the response function, namely its
spectral representation (see [37]). For this purpose we need to calculate the resolvent
operator

Glw)=[A-w]". (D.1)

The matrix G(w) corresponding to the above resolvent is easily obtained once the
RPA eigenvalue problem is solved. The RPA spectrum consists of complex energies.
However, one can show that only the real ones correspond to physical solutions, while
the complex ones are sign of the instability of the system. For nonzero real solutions, the
eigenvalues and eigenvectors of the RPA can be written as (wg”, X", (—w;",)?;"’),
where the eigenvectors are defined by

g = vi” (&m) — Rl _ () At (e) A
X = (90?,"’(577) ) Xg" = ; [‘/l‘/ (EmMAg, + ¢ (577)’4&1] )

*
Via) — ey (&m) Xl () A () A
X —<¢Z,,,*(§,7)> Y —g[% “(Em AL, + i (¢m A . (D2)

The spectral representation of the resolvent matrix expressed in terms of these eigen-
vectors is written as

XU % Xfun T )‘(T(m
G w) = q q + q q , D.3
(@) zq: [ wy' —w wy' + (D:3)

where the notation XY represents a matrix constructed from the product of two vectors
X and YT (notice that this is valid only when we do not have zero-energy solutions,
that is spurious states).

The resolvent matrix can be used to evaluate the spectral representation of the RPA
response function for two generic one-body operators, A and B, in the following way:

R (0) = ATG'(w)B, (D.4)

where A and B are column vectors representing the RPA part (see Eq. (D.2)) of the
operators. This means that the numerators of the response function will contains terms
such as ATX{" « X},‘"TB that, in the framework of the RPA response, can be written as
A O { 2] o * o
ATXlIm * XLI"‘TB - [AT, Xi/l”T]RI’A[Xi/")’B]RI’A = Q(A) (q)Q(B)(q) i (D.5)
where is used the definition of the transition matrix elements between excited and ground
state (see Eq. (C.4)).
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Introducing this last equality in the spectral representation of the RPA response func-
tions. Especially what is important in our formulation is a matrix of the RPA response
functions, in which the raw and the column are specified by the hermite operators which
consist of the coupled-separable residual interactions in Eq. (4),

* *
- - ml (q) Q(n)(q) lv\(q) Q(a) (q)
Ry (@) = Ry o (@) = > ( ) . (D.6)

wy" — o wy' +o

q

The RPA equation is equivalent to the Dyson equation in terms of the resolvent
G(w) = [1+Go(@)V]™' Go(w) (D.7)

where Go(w) is the unperturbed one corresponding to the mean-field Hamiltonian,
Eq. (3), and the coupled-separable type residual interaction, Eq. (4), is expressed as a
matrix in the RPA space given by

=Y xRy RO (D.8)

Thus, the RPA response functions in Eq. (D.6) can be directly calculated by
R=(1-8Sy7's, (D.9)

where R, S and x (here (x)ppr = Xp0pp ), in the actual case of coupled RPA, are
N x N matrices, where N is the total number of the residual interactions in a specific
sector of signature and parity. The matrix S is the unperturbed response function defined
in terms of two-quasiparticle excitations given by Eq. (C.10).

Appendix E. New frequency summation

We start carrying out the standard boson frequency summation of Eq. (18) as ex-
plained in the textbook [21]. The result is

ZQP(f iPn) —'Z Z Zq‘ « (fn)Q(m*(q)an(q)

1 @ pp
L+ n,(wy") ~n, (sf”E ) (@) + n,(s‘"’E )
ipy — SgnE - wy’ ipy — sff,;E + wy”

X , (E.1)

where the relation n, (ip, — E) = n,(E) — 1 was used (as a consequence of the definition
ip, = i(2n+ 1)7r/B). The analytic continuation, ip, — E + il, of this equation leads to
the retarded self-energy (Eq. (20)). The obstacle that prevents us to introduce the linear
response function directly in Eq. (20) is the presence of the Bose and Fermi factors
in the numerators in the square backet, as they do not appear in the RPA response
functions (cf. Eq. (D.6)). To avoid this problem one needs to find a different method
for carrying out the summation over the phonon frequencies, when one has first made
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the analytical continuation, that is when one has made the substitution ip, — E + il
which leads to

DYNES E+:1)~__ZZ Y 4o (51 Cp (q)Q,J., (9)

E+il —sE, —iw
iw, m a,pp g + & 1@n

1 1
X [ — ‘"’J . (E.2)
w, — a),, zw,, + wy

Carrying out the sum over the phonon frequencies at this stage, one obtains

Y& E+IN=)_ ) D 45 (ém Q" ()9 (9)

n apo ¢
y ny(wy’) = ny(E+ il — 58 Ey)
[ E+il - sgEy — o
U+ ny(wy") +n,(E+ il — s“"E )
E4il — "E + wy”

(E3)

The main point to be understood here is that the two results, Egs. (E.1) and (E.3), are
different because of the inequality n,(E+il —E’) # n.(E’) — 1, which comes from the
modification of the Fermion Green’s function when the analytical continuation is done
as a first step. In fact, in the standard case the energies of the fermions are defined in a
discrete form through ip, while in this new method the fermion energy is a continuous
value E + il. However, the difference of these two self-energies, Egs. (20) and (E.3),
can be shown to have a suitable form to relate it to the RPA response functions, that is,

et (EE+ i) — S(6,E+1il)
—qu“)/(f’rl) {l+n,,(E+il-—s("’E) nﬁ(s(n) )]

v a pp
(v)*

(@) Q' (q) Q% ( 19,7 (q)
X Z (@0 I w q(u) 9 @ | (E4)
E+zI SgnEn — wq E+il —sg By + g
q n
Inserting Eq. (E.2) into Eq. (E.4), the retarded self-energy is thus expressed as

tary 1 l
Sa(£E+il) =) ) doy(én) [”E Z{E+i1—s;:;;E,, “iwn

7 «a,pp’ iw,

4)*

(02 (@) (@2 (@)
(T -2))

p iwy + wy

¥ [1 + na(E+ il — S{Ey) — (s Ey )]

y Z (a)*(q)Q(n)(q) B Q(n)(q)Q(u)*(q)
E+il — S“"E wy  E+4il - s("”E + wf’
(E.5)
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Using the formulae given in the next appendix, Eqs. (F.2)-(F.5), the summation of the
RPA modes, Y ,» can be performed, and the retarded self-energy can be written in terms
of the response functions, according to

. (e 1 1
et (€, E+il) =§ : § : qp;’(fn) \:E Z E+il —s; E, —iw
N & n

n o« pp fwy,

x {L: (R‘;,;, (iwy) — R;;s’p(iw,,))

+00

~ / dw Ry (iw) — R;:'p(iw)}

2T W, —iw
— 0

+ [1 +nu(E+ il = s{Ey) — n,,.(s;;;E,,)]

+oo . o .
y / _(1272;2,(10)) — Rp,’p(zw)
20 E+ il — s‘f';,’E,] —iw

— 00

~{ R};;?(E%— 1:1 - s:é%E,,), lt E > s%’;{’E,, >] (E.6)
Rp,p(E+ il — sg'nE,,), if E< sann

This expression is further simplified by performing the frequency summation of the
second term in the curly bracket such as

oo (ay g e (a) s+
1 Z i / do Rpp,(tw) — Rp,p(la))
B4~ E+il — s‘f‘;]’E,7 —iw, 21T iw, — iw

iw,

— 20
iy {a) . () .
dw R () . Rpp/(la)) _Rp'p(lw)
- / 2 [""(E+'1 ~ SgyEn) — ”"(“")] E+il —siHEy —iw
. ‘

The final result is given in Eq. (23).

Appendix F. Integrals of the response function

We need two different integral forms to solve our problem, that is,

* do R, (iw)
w ’
I (E i) = pp ,
oo { i) /277E+i1—iw

—00
+00
do R, (iw)
@ i) = — s F.1
J”” (iwn) / 27 iw, — (W (ED)

—oQ

The important results that we obtain using these integrals are
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> 2" () Q%' (q)
E+il - of’
q

+00
R“”, iw
/d“’———(—)- RO(E+il), if E>O0,

ZT—E"‘FL]—[(U
={-= RH( ) (E2)
dw o (i
— . if £E<0,
2m E+il —iw !
-0

T Q5 () Q5 (9)

E+il + wy’
+oo
R (iw
/ 1‘3_5_)_ , ifE>0,
2 E+il —iw
-0
= (E3)
70"“’ R (1) +REO(E+il), if E<0
2n E+il —iw ’
—00
D) T de RO () _— s
—z:o,,——aﬁ_—_/277'1(4),,—1(4)_E oo (1@n) 5 (F4)
9 —00
((v) (n)* oo () .
(<, () do R, (iw)
Y = / = 4 IR (i) . (E5)
iw, + wq 27 iw, — iw

-0
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